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Abstract: In this paper we introduce the idea of generalized order («, 3) and generalized lower order («, 3)
of an analytic function in the unit disc. Hence we study some growth properties relating to the composition
of two analytic function in the unit disc on the basis of generalized order («, 5) and generalized lower order
(a, B) as compared to the growth of their corresponding left and right factors.
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1 Introduction, Definitions and Notations

Let f(2) = ,%2pc,2™ be analytic in the unit disc U = {z : |z| < 1} and M (r) be the maximum of | f (z)| on |z| = 7. In
[4], Sons was define the order p (f) and the lower order A (f) as

p(f) _ . sup log®l My (r)
M) T inf Tlogior)

Now let L be a class of continuous non-negative on (—oo, +00) function « such that a(x) = a(xg) > 0 for
x <z with a(z) T 400 as © — +o00. Further we assume that throughout the present paper «, a1, a2, a3, € L.
Now considering this, we introduce the definition of the generalized order (¢, ) and generalized lower order (v, ) of an
analytic function f in the unit disc U which are as follows:

Definition 1 The generalized order («, 3) denoted by p'®P)[f] and generalized lower order («, 3) denoted by X7 |f]
of an analytic function f in the unit disc U are defined as:

S sy als0)
)\(a,ﬁ)[f] r—1 inf B( 1 ) '

1—r

Clearly p(log log r,log ) [f] =p (f) and )\(log log r,log ) [f] =\ (f) .
Now one may give the definitions of generalized hyper order («, §) and generalized logarithmic order («, 3) of
an analytic function f in the unit disc U in the following way:

Definition 2 The generalized hyper order (o, ) denoted by 5\ |f] and generalized hyper lower order (o, 3) denoted
by X(Q’B) [f] of an analytic function f in the unit disc U are defined as:

PO sup allog My (r)
X0 T inf ﬁ( 1) '

1—r
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(o, 8)
log

(a, B) denoted by Al@h) [f] of an analytic function f in the unit disc U are defined as:

Definition 3 The generalized logarithmic order («, ) denoted by p [f] and generalized logarithmic lower order

log
(0.8)
plog [-ﬂ =1 S.up Oé(Mf(’I")) )
N1l g (o (1))

In this paper we study some growth properties relating to the composition of two analytic function of in the unit
disc on the basis of generalized order («, 3), generalized hyper order («, ) and generalized logarithmic order («, 3)
as compared to the growth of their corresponding left and right factors. We do not explain the standard definitions and
notations in the theory of entire functions as those are available in [1], [2] and [3].

2 Theorems
In this section we present the main results of the paper.

Theorem 1 Let f and g be any two non-constant analytic functions in U such that 0 < A0 [fog] < pl@t-f[fog] < oo
and 0 < N2 [f] < ple2B)[f] < co. Then

ANePD[fogl o con(Myog(r)) _ X*P[f og]
Sey] = iminf az(Mfgzr)) = XA
L a1(Myeg(r)) _ prP[f o g]
SIS OL0) S A

Proof. From the definitions of p(®>#)[f] and A(®1#)[f o g], we have for arbitrary positive ¢ and for all sufficiently large

values of 1; that

a1 (Mjog(r) = (NP [fog] =) 8 <1 . T) (1

and

as(My(r) < (o7 +2) 8 (1 - T) : @

Now from (1) and (2) it follows for all sufficiently large values of -2 that

o1(Mpoy(r)) K21 26 =€) 8 (525)
as(My(r)) = (ple2P[f] +¢) B (1;) -

As e (> 0) is arbitrary, we obtain that

01 (Myog(r) _ N9f 0 g]

lim inf — > (3)
P (M ()~ e
Again for a sequence of values of 1—; tending to infinity,
(a1.8) 1
a1 (Myeg(r) < (N2 [f o gl +2) 8 (7 @
and for all sufficiently large values of -,
1
> (a2,B) _ A
aa(My() = (X111 - ) 5 (1) ®
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Combining (4) and (5) we get for a sequence of values of - tending to infinity that

01(Myey(r)) N1 28] +6) B ()
az(My(r)) (A<a2,m[f]_a)g(7 '

1
1—r

Since € (> 0) is arbitrary it follows that

01 (Myoy(r)) _ AP[f o g]

r—1 ag(Mf(T’)) - )\(0‘2,5)[']"} ©)

Also for a sequence of values of 12— tending to infinity that

aa(My() < (X211 +2) 8 (12 ). @

Now from (1) and (7) we obtain for a sequence of values of 1 tending to infinity that

o1 (Myog(r)) . N1 051 =€) B ()
ax(Mg(r)) = (Ae28)[f] +¢) 8 (Tl*)

As e (> 0) is arbitrary, we get from above that

an(Myog(r)) _ AP [fog]
M= B0 () = A

®)

Also for all sufficiently large values of -,

01 (Myog(r) < (p P [f o gl +¢) B (1 L ) : ©)

r

Now, it follows from (5) and (9), for all sufficiently large values of 1 that

on(Myey(r)) _ (P01 001 +) B (1)
OZQ(Mf(T)) - (A(OZQvB) [f] — 5) B (L ’

Since € (> 0) is arbitrary, we obtain that

01 (Myog(r)) _ peD[f o g
s QL) A@df]

Thus the theorem follows from (3), (6), (8) and (10) . m
The following theorem can be proved in the line of Theorem 1 and so the proof is omitted.

(10)

Theorem 2 Let f and g be any two non-constant analytic functions in U such that 0 < X9 [fog] < pl@t:A)[fog] < 0o
and 0 < \@3:8)[g] < pl@s:B)[g] < oo, Then

(a1,8) (a1,6)
D) fog) o on(Myo(r) X [fog]
pesg] ol ag(Mg(r)) Ales:2)[g]

01 (Moy(r)) _ p@P[f o]
SHmsies QL) © A@s)g
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Theorem 3 Let f and g be any two non-constant analytic functions in U such that 0 < p(@1:5) [fog] < occand0 <

ple2P)[f] < oo. Then
o an(Mpeg(7) _ p A fog]  an(Myey(r))
M= L) S gl S S L ()

1

Proof. From the definition of p(®2-%)[f], we get for a sequence of values of i

tending to infinity that

042(Mf(7’))><ﬁ’(a2’ﬂ)[f]5)5( : > (11

1—7r

Now from (9) and (11), it follows for a sequence of values of 1 tending to infinity that

a1 (Myog(r)) _ <p(a17ﬂ)[fog]+€)ﬁ(1ir)
az(My(r)) (p<a2,5>[f]_5)5(1ir> '

As e (> 0) is arbitrary, we obtain that

a1 (Myoy(r)) _ p>[f o]
PG OL ) S e

12)

Again for a sequence of values of 1—; tending to infinity,

ar(Myeylr)) > (p 1 o5l ) 8 (1) (13)

So combining (2) and (13), we get for a sequence of values of 12— tending to infinity that

o1 (M yey(r)) _ (P01 201 =) B (1)
az(M(r)) (o= (] +¢) B ()

Since € (> 0) is arbitrary, it follows that

oy M1 Mpog(r) _ p1*P[f 0 g]
WS 0L ()~ pead]f]

Thus the theorem follows from (12) and (14) . =
The following theorem can be carried out in the line of Theorem 3 and therefore we omit its proof.

(14)

Theorem 4 Let f and g be any two non-constant analytic functions in U such that 0 < p(@1:5) [fog] <ocoand0 <
ples:8)[g] < co. Then
(a1,8)
i Mreo(r) _ p ™I fogl Lo (Myy(r)
ro1 ag(M(r)) plesAlg] ro1 ag(M(r))

The following theorem is a natural consequence of Theorem 1 and Theorem 3.

Theorem 5 Let f and g be any two non-constant analytic functions in U such that 0 < X9 [fog] < pl@t:B)[fog] < 0o
and 0 < A28 [f] < ple2P)[f] < co. Then

(M (1) i{“alﬁ>[fog} p(“l’m[fog]}
a0 m) =TT g
AevB[fogl plrPifogl\ _ . ai(Myey(r))
<m‘”‘{ Xexd[f] P[] }<11?3}1p 0 (1))
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The proof is omitted.

Analogously one may state the following theorem without its proof.

Theorem 6 Let f and g be any two non-constant analytic functions in U such that 0 < \(*1:9)[fog] < p(e1:8)[fog] < 0o
and 0 < \@3:8)[g] < ples:B)[g] < oo. Then

(a1,8) (a1,B)
]iminfal(]wf"g(mgmin{)‘ [fog]7p [fog]}
r—1 Qs (Mg (7")) )\(013’5) [g} p(asﬁ) [g]

< max{)\(alﬁ)[f og] prA[fog] }

, < 1im sup 1M 7o (1)
)\(0437/3)[9] p(OCSnB)[g]

ro1 ag(My(r))

We may now state the following two theorems without proof based on Definition 2.

Theorem 7 Let f and g be any two non-constant analytic functions in U such that 0 < s [fog] <P [fog] < 0

and 0 < XD 1] < pe2B)[f] < 0. Then

m < lim inf 21 00B M0 (1)
ﬁ(a2’5) [f] — r=t az(log(My(r)))

. {A(”‘“ﬂ)[f og) P Afog) } .
PR I VI

mas { X Pfog) perdfog } <

ez T pleaff]

 a(lop(Mye (1) _ 7P o]
lralp az(log(Mf(r))) = X(azﬂ)[ﬂ

Theorem 8 Let f and g be any two non-constant analytic functions in U such that 0 < X(al #)

[fog] < 7*1P)[fog] < oo
and 0 < X7 [9] < pl@P[g] < co. Then

0l )y
plesBgl  — r51 ag(log(My(r)))

~(a1,8) —(ay
X (fogl B P fogl |
M "=008), ;0 —(asB) =
X g ]

~(a1,8) —(ay
X fogl plerP[fog]
max *(CVS /3) ’ *(03 /3)
X g peg]

<

lim supo‘l(log(Mfog(T))) Pt f o g]
r—1 as (10g<Mg(T))) - X(aa,ﬁ) [g]

‘We may now state the following two theorems without proof based on Definition 3.

Theorem 9 Let f and g be any two non-constant analytic functions in U such that 0 < X(al’m [fog] < plasf) [fog] < o0
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and 0 < X7 [f] <72 P)[f] < co. Then

)\(‘h,ﬁ)
Mo U091 01 (Mear)
P[] T et an(My(r))
LA Prea) sV ed)
i /\(az,ﬁ)[f] ’ (a276)[f] s
log plog
Nea " oal pge I og]| _
N WPV T I T
log plog
a1,
limsupal(Mfog(r)) < pl(og;1 )[ng]
o1 a2y () ]

Theorem 10 Let f and g be any two non-constant analytic functions in U such that 0 < X(al’ﬁ)

[fog] < ﬁ(al’ﬂ) [fog} <
oo and 0 < X" [g] < pl*sP[g] < cc. Then
/\(al’ﬁ) o M
bg(ng] < lim i?fw <
Prog 9] r—=1 az(Mgy(r))
N o9l pleg M og)
T T B T ) <
log [g] plog [g]
NPl oal Aol
B A Bl plesd) =
log [g] plog [g]
(a1,8) o
imsup L5 es(0) o Pos Jog
r—1 a3(Mg(r)) Ao Pg)
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