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Abstract: In this paper, we use matrix inversion technique to derive three summation formulas for elliptic
hypergeometric series. To my knowledge, two of them are new and the other formula was first discovered by
Warnaar.
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1 Introduction

We will follow the standard notations on basic hypergeometric series (g-series) and elliptic hypergeometric series [5], and
we always assume |¢| < 1 and |p| < 1. Define the g-shifted factorial for all integers n by

. R (1)
(a5 9) oo —kl;[o(l q): (a;q)n (aq™; @)oo

and a theta function 0(a; p) by

0(a;p) = (a;0)oo (P/@; D)oo,

where a # 0. (a; p, ), which is an elliptic shifted factorial analogue of the ¢-shifted factorial is defined by

n—1

[T 6(ag”;p), n=12...,
k=0

1 n =20,

(a;¢,p)n =

We call g and p in (a; g, p),, the base and nome, respectively.
As usual,

(a1, ax;@)n =(a1;¢)n - (A& @,
9(0,1, .. '7ak;p) :g(alap) e e(akap)a

(a1,...,ak:¢,0)n =(a1;¢:0)n - - (k3 ¢, P)n-

‘We use the abbreviation

9(a1q (a17a67‘-‘7a7“+1;q7p)75 4 (1 l)

Vi(ay;ag,...,a011;
rH T( Do b b p 0 ala (qaa1Q/a67'"aGIQ/aT+1;Q7p)’L'q

smg
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One must impose that one of the parameters ay, is of the form ¢~" such that the series (1.1) converges.
The following identities appeared in [5] are often used in this paper

0(a;p) = —ab(1/a;p) = —ab(ap;p),
0(a*;p*) = 6(a, —a;p),
2, 2 2 _ .
(a’ 7q ?p )n - (a’7 avap)nv (12)
(a;¢,p)2n = (a,aq; ¢*,p)n,

(@:4,p)n (J)’“q(g)ﬂm_

(¢, P)n—k =
" (g% q,p)k \ a

From a century and a half ago, till the present day, there has been much interest in finding many g-analogues of
classical results in the theory of hypergeometric series. It is natural to find elliptic analogues of those classical results.
This active research field has aroused much interest in the world of mathematics and theoretical physics, see [2—4, 10—16].
Frenkel and Turaev [4] found the following elliptic analogue of Jackson’s g¢7 summation formula in their study of elliptic
67-symbols

(aq,aq/bc,aq/bd,aq/cd; q,p)n
(ag/b,aq/c,aq/d, aq/bcd; q,p)n

Schlosser [12] gave a combinatorial proof of (1.3). By Abel’s method, Chu and Jia [2] proved and discovered some
formulas for elliptic hypergeometric series. Warnaar [14] used matrix inversion and determinant evaluation techniques to
prove several summation and transformation formulas for terminating, balanced, very-well-poised, elliptic hypergeometric
series. Later, he [16] also proved the following summation formulas

10%(‘1; b7 ¢, da azanrl/dea qin; Qap) =

(1.3)

- 0(a; p)(—q, aq/b; q,p)n(abg?; ¢*, p*)n _
Vi1 (ab; b,bq,b/p,bpq, aq” /b, aq*",q~*"; ¢%, p*) = —— = — " 1.4
12V11(ab; b, bq, b/p, bpq, aq” /b, a”q™", ¢~ *";q%,p") B(ag?: p) (@, —bi g p)n(@/b EopTn L (1.4)
2¢* /%5 4%, p®)ny2(abg; g, p°)
Vi (ab: b, —b, bp, —b b a2 " g p2)d = y(n i (g,0°4" /6% ¢, ") 2(ab4; 6, ") 1.5
12 11(0‘7 ) , 0P, /p7aq/ ,a g ,q 7Q7p) X(nISeven)(a2q2,b2q;q2,p2)n/2(GQ/b;q,p2)n7 ( )
where the function Y is defined by
1, if x is true,
x(z) = (1.6)
0, otherwise.
and
_ bq,c/b* ¢, p*)n(cqg ;% p%)n [ 1\"
Vi1 (b; =b,bp, —b/p, ¢/b,bg/c,¢" Tt ™ 2y - (89, 2 L . 1.7
12 ll( , Op, /p C/ q/c q q q,p ) (q/b7 e q,p2)n(cq_”/52;q2,p2)n b ( )

2 Aninverse pair

Matrix inversion is a powerful technique for derivation identities [1, 6-9]. We say that f and f~! is an inverse pair if f
and f~! are two infinite-dimensional, lower-triangular matrices and satisfying

> ok frd =0 @.1)
k=l

Matrix inverse technique states that if (2.1) holds, then the following two statements are equivalent

> fokar = by 22)
k=0
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and
> Frkbr = an. 2.3)
k=0

Obviously, in order to prove an identity, we should select suitable explicit inverse pair of infinite-dimensional, lower-
triangular matrices fy, r, f,, ! satisfying (2.1) and another known identity. Warnaar [14] used this technique to obtain
some summation and transformation formulas for elliptic hypergeometric series. He also proved the following elliptic
analogue of a results due to Krattenthaler [7]

Lemma 2.1 (Warnaar [14], Lemma 3.2) Let a and b;, ¢; (i € Z) be indeterminates (such that ¢; # c; for i # j and
acic; # 1 fori,j € Z). Then

n
> fokFrn =0,

k=l

where

n—1

H 0(ckby; p)0(ack/bj;p)

o = — 2.4
[T ¢jf(ackes;p)0(cr/cs;p)
j=k+1

and

i O(cnbi,ac,/bi;p
O(crbr, ack /bi:p) j:l;[+1 (enb, acn/bj;)
0(cyb by;p) n=1 '
(Cn naacn/ nap) H Cje(aCan,Cn/Cj;p)
j=k

-1
fn,k =

2.5)

In this paper, we also use the matrix inversion technique to prove some summation formulas for elliptic hypergeometric
series. For (2.4) and (2.5), we set b; = bq" and ¢; = cq* for all i. Now we compute the products

n—1 n—1

i va ) mn
[T 6Ccubjip) = I 0beq™*5p) = {60, Bt

s i (be; ¢, )2k

and

I172; Oack/bjip) 11—, 6(acd™ 7 /bip) 1=, (—acq"~1 /b)0(bg?~* Jac; p)

[T Oc/csip) Tl 0@ 7). Ty (—d*9)0(¢7 % p)

_ (b/ac;g, p)n—t (g)"—’“: (b/ac;q,p)n(q~"; 4, P)k (g)” k
(@ ¢:P)n—r \D (49, P)n(acq' =" /biq,p)x \ b

Similarly, we can compute other products appearing in (2.4) and (2.5), after simplification, we obtain the following inverse
pair which is different from that of Warnaar derived from Lemma 2.1 in [14].

Lemma 2.2 Let

. n n 2 . n ,—n.
= Lo b/Qac,q,p)n (g) ~(z)__(ac q;qm)zlk(bcq 1l ,q,lp)k kg3 2.6)
(q,ac?q;q,p)n \D (be; ¢, p)ak(acg =" /b, ac?q" 1 q, p)i
and
n 2k. n+1 . 2. n . —n. k .
Fol - c_"q_(2)9(bcq ;p)(beg"* ac/b;q,p)n  (acq”,q7";q,p)k <bQ) 0. @7
" 0(bcg®;p)(q, ac?q™;q,p)n  (beg™tL,bg =" [ac; q, p)i \ a

—1 . .
Then f, 1 and f, ;. are an inverse pair.
)
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Remark. For (2.4) and (2.5), substituting a — ab, b; — aq’ and ¢; — ¢"*, Warnaar [14] derived the following inverse
pair

0(abg®*;p) (aq™;q,p)rk  (ab,q ™", D)k i

fok =
" 0(ab;p)  (bg'=";q,p)rk (g7, abg™™* ;g7 )y,
and
p = Biap) 0(ag" 5 bg" D) (a,1/biq.p) (abg™ gD
kT (agy q,p)rn 6(a,b;p) (q",abq";q",p)k (g1~ /b, aq"™™+1; ¢, p)k

3 Some summation formulas

In this section, the above inverse pair (2.6) and (2.7) will be repeatedly used to derive some summation formulas for
elliptic hypergeometric series. The first formula derived by us can be stated as follows.

Theorem 3.1 Suppose none of the denominators vanish, then

L3) n —n
X 0(ag*;p)(a, % 6%, p)e(aq™ /b, a7 4, D)2k o

0(a;p)(q?, aq®/b%; %, p)k(bgt =", aq™ s q, p)ar

k=0

3.1

~ (aq/b?,apq/V?; ¢, p®)n(aq, b; ¢, p)n ( 1)"

(aq, apq; 4%, p*)n(aq /b2, 1/b;q,p)n \ b

Proof. Let the inverse pair f,, 5 and f; i be defined by (2.6) and (2.7), respectively. It follows from (1.5) that (2.2) holds
for
(ac\/eq/V/b, —ac\/cq/V/b, ac\/cpq/V'b; ¢, p)n

(Q7 \% be » —V be » V bCQ/\/ﬁa Qap)n

% (—GC\/@/\/F, b/ac; Q7p)n(bc; Q»P)zn Cinqi(g)
(—Vbepg, a?c3q/b; q, p)n(ac?q™; ¢, p)n

ap =

and

by, = x(n is enen)

b

)

(g,b*/a®c?; 6%, p) 2(be; ¢, p)n (a)” ()
(beg, a2c3q2 /by q2,p)n 2 (454, P)n

where the function  is defined by (1.6). This implies that the identity (2.3) holds for the above values a,, and b,,, i.e.,

12 . _
1 0(beg™;p)(be, b2 Ja®c?; 2, p)k(ac®q™, a7 4, D)ok o

= 0(bc; p)(q%, a*q>c? /by ¢, p)i(beq™ ™+, bg' =" [ac; ¢, p)ak

_ (a?Pq/b,a’c’pa/b; ¢%, p*)n(beg, b/ac; g, p)n (_g)”
(beg, bepg; g2, p*)n(a?c3q /b, ac/b; g, p)n b/

Here, the identities (1.2) are used to simplify. Making the simultaneous changes bc — a and b%/a%c? — b? yields (3.1). 11
In theorem 3.1, let p — 0, we obtain the following corollary

Corollary 3.1 Suppose none of the denominators vanish, then

5]

w3

; (3.2)

(1 — ag**)(a,b%; ¢*)k(ag™ /b, q™™; )2k 2= (aq/b*; ¢*)n(aq,b;q)n (1>"
«(1—a)(¢? ag® /% ¢*)k(bg' ™, aq™* 5 ¢, p)k (ag; ¢*)n(aq/b%, 1/b; )

k

We also discover the following elliptic hypergeometric summation formula.
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Theorem 3.2 Suppose none of the denominators vanish, then

Xn: ( 2k+1ap (Cl bqn/a q 7q p) (b2 7k;q27p)k (_%)k

= 0(q;p) (0%, aq®> " /b,q" %5, p)e(a®q % ¢% p)e \ b

_ (7b/a7 b\/ﬁ/aa 7()/0,\/]3, aba q/aba q2; Q7p)n
(—4,9/+/D;—a\/P,q/a?,b%,b/ag; ¢, p)n

Proof. We consider a special case of the inverse pair f, ,, and f . Which are defined by (2.6) and (2.7), respectively. Let
¢ = ¢q/bin (2.6) and (2.7), then

(3.3)

PR G (g)” ~(z)__(ag®/b% q, p)or (" 7" g, p)i (g)kq(kgl) (3.4)
" (ag? /b5 ¢, p)n \b (¢; ¢, )2k (ag®> ™ /b2, aq"+3 /b2 q,p) \b '
and
L (b)nq‘(’;)9(612’““,1))((1”*2,aq/bQ;q,p)n(aqn+2/62,q‘";q,p)k (bq)kq(ﬁ) (3.5)
kg 0(¢*" 5 p)(q, aq" 2 /b2, q,p)n(q" 12, b2~ /a; ¢, D)k ' '

In view of (1.7), we see that (2.2) holds for

o (0¥ aq?\/p/V, —ag? [0 \/p, ¢/ aq?, ag’ /e, q”“;q,p)nbnq_(n;l)
" (_qvq/\/ﬁv_\/ﬁq7a2q5/b4cv ¢, aqn+2/b2;q7p)n

and

(/g q, p)n(ca ™ 4% D)n ( b >” ()
g \2).

T (g, p)n(cbigi /a2, p)n \ ¢

PE
This implies that the identity (2.3) holds for the above value a,, and b,,, where f,, ; and f,~ }C are defined by (3.4) and (3.5),
respectively, that is,

n —n _ k
0(¢° 5 p) (cb* /a®q*, aq" 2 /0%, 7" 4, p)k(ca™ ¥ % p)k <b2>
= 0(g;p)(c.q" 2, 0% " /a; ¢, p)r(cb*q~*7F /% q%, p)k aq
_ (—ag?/b*,aq®\/p/b?, —ag® /b /p, bc/aq®, aq® /b, ¢*1 ¢, p)n

(=a,q/\/P: —/P4, a*q® [b*c, c,aq/b%; ¢, p)n

Making the simultaneous changes cb*/a?q* — a? and ¢ — b? yields (3.3). 1
For the theorem 3.2, let p — 0, we obtain the following corollary

Corollary 3.2 Suppose none of the denominators vanish, then

z": (1 —g** ) (a? bg"fa,qa7"; @) (b*a"; ¢°)k (_@)’“ _ (=b/a,ab,q/ab,¢*;q)n <_b)" 3.6)
1 —q)(02,a¢?>=" /b, q" 2% q)r(a?q7%; ¢* )k b (—=q,q/a?,b%,b/ag;q)n \ aq) )

i=o
The following theorem was first discovered by Warnaar in [16], here we give another proof.
Theorem 3.3 Suppose none of the denominators vanish, then the identity (1.4) holds.
Proof. By the elliptic analogue of Jackson’s g¢7 sum (1.3), we have

2n

Z (—bcg®*; p)(—be, b2q/ac?; q,p)k(ac* ", a2 % pP)e 4,
“0(—be; p)(q —acg/b;q,p)k(bQCQqQ"“,b2q2*2”/ac2;q2,p2)k

_ (=beg, Vacg™ /b, —/acg™" /b, bg'~*" [ac®; g, p)n
(—ac3/b,bg' =" /\Jac, —bg" " /\Jac,q 2" q,p)n

3.7
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It follows from (1.2) that

(ac®/b,ac®q/b,ac® [bp, ac®pq/b, b ac? b2 2% ¢%, p*)n
(beq?, beq, bepg?, beq/p, a?c8 /b2, ac? /b2 ¢2, p?)y,

(=beq, \/acqg™™ /b, —/acq™" /b, bq* 2" Jac®; q,p)n

_ ‘ . 3.8
(—ac3/b,bg' =" /\/ac, —bg* =" [\/ac, g™ [be; ¢, p)n 38)
Combining (3.7) and (3.8), we see that
Z (=beg®*; p)(—be, b q/ac?; q,p)k(ac* @™, a7 2" %, 0Pk
“0(—bc; p)(q, —ac® /b q, p)i(b>c?q*" 2, b2¢>~ 2 Jac%; % p2)k |
~ (ac®/b,acq/b,ac? [bp, ac®pq/b,b*q? [ac? > ¢?; 2, p?)n 3.9)

(beg?, beg, bepg?, beq/p, a?c® /b2, ac? /b5 ¢2,p?)n
which yields that the identity (2.3) holds for

_ (acy/e/ Vb, acy/eq Vb acy/e/Vp: 4. p)u (acy/@pa/ Vb ba/ac; 4. p)n (be: 4. P)on ;)
(g, Vbeq, v/beq, /oepg; 4, p)n (v/beq/p, a3 /by q,p)n(ac®q™; ¢, p)n

n

and

Y

_ 0(v/be; /D) (—Vbe, by/q/ac; \/G, \/D)n <a>nq(g)
0(Vbeq™; /p)(v/3, —acy/c/Vb; /G, \/P)n \0VE

where the inverse pair f,, ; and f, i are given by (2.6) and (2.7), respectively. This implies (2.2) holds for the above
values a,, and b,,, i.e., l

2”: 0(acq®;p)(ac?, acy/c/Vb, ac\/cq/ Vb, ac\/c/\/bp, ac\/cpq/ /b, bg/ac, beq™, ¢~ ¢, p)k ,
P 0(ac%; p)(q, Vbeq, v/beg, v/bepg, /beq/p, a2c3 /b, acg' =" /b, ac2q"t; q, p)i,

0(V/be; /D) (—/T, b/G/ ac; /G, \/P)n(ac?G; 4, p)n
0(Vbeq™; /D) (Vbe, —acy/c/Vb; /G, /P)n(b/ac; ¢, p)n

Making the simultaneous changes be — a2, ac\/c/vVb — b, ¢ — ¢2 and p — p? yields (1.4). |
g g y
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