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Abstract: We investigate the origin of electromagnetic soliton propagation in the form of breather in a
ferromagnetic medium theoretically. The interaction of ferromagnetic spins with the magnetic field component of the electromagnetic (EM) wave has been studied by solving Maxwell’s equations coupled with a
Landau-Lifshitz (LL) equation for the magnetization of the medium. We made a small perturbations on the
magnetization and magnetic field along the direction of propagation of EM wave in the framework of reductive perturbation method and the associated nonlinear spin dynamics is governed by a generalized derivative
nonlinear Schrödinger (DNLS) equation. In order to understand the dynamics of the considered system, we
employ the Jacobi-elliptic function method to solve the DNLS equation and the electromagnetic wave propagation in a ferromagnetic medium is governed by the breatherlike soliton modes.
PACS: 71.70.Gm, 76.50.+g, 75.60.Jk.
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1

Introduction

The phenomenon of the propagation of electromagnetic (EM) wave in the nonlinear ferromagnetic media has assumed
lot of importance especially in connection with applications for developing technologically important magneto-optical
recording and the fast retrieval of data and high density data storage devices [1-3] which is mainly due to the nonlinear
magnetic interactions present in the ferromagnetic medium and interaction with external magnetic field. The propagation
of electromagnetic waves in a ferromagnet obeys nonlinear equations with dispersion and dissipation. When the EM
wave propagates in a charge-free isotropic and anisotropic ferromagnetic media, it is found that the plane EM wave
is modulated in the form of EM spin soliton due to the compensation between the dispersion and the dissipation of
the medium and the magnetization of the medium also exhibits nonlinear spin excitations in the form of soliton [4, 5].
However, when free charges are present in the medium, the EM soliton decelerates and the amplitude decreases and
gets damped [6]. In another context, the propagation of an intense electromagnetic wave through ferromagnetic and
anti-ferromagnetic media is associated with a wide variety of interesting phenomena such as harmonic generation [7,8],
self-focusing [9], domain wall propagation [10-12] and EM soliton propagation [13,14]. Nakata [15,16] and Leblond
and co-workers [17,18] showed that the EM wave propagates in the form of soliton in a ferromagnetic medium using the
reductive perturbation method, however, by neglecting the spin-spin exchange energy. Also, the EM wave propagation in
an anisotropic antiferromagnetic medium with Dzyaloshinskii-Moriya interaction were studied [19] and it is found that
the electromagnetic wave propagation is supported by the collective coherent breatherlike solitary excitations. When the
electromagnetic signals of different frequencies are copropagating in an anisotropic charge free ferromagnetic medium,
the magnetic field component of the EM signals and the magnetization of the ferromagnetic medium gets excited in
the form of soliton modes without any loss [20]. The propagation of electromagnetic waves through a ferromagnet in
(2+1) dimensions under an external magnetic field in the presence of dissipative effect has been studied using reductive
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perturbation method. It is found that to the lowest order of perturbation the system of equations for the electro magnetic
waves in a ferromagnet can be reduced to an integro-differential equation [21]. Moreover, when EM wave propagates
through a ferromagnetic medium, it is found that the EM spectrum contains several modes of nonlinear excitations: domain
wall-type governed by the modified Korteweg-de-Vries (mKdV) equation under the reductive perturbation method [22],
polarization in long-wave approximation governed by Korteweg-de-Vries (KdV) equation [23] and the envelope solitons
in the optical branches are described by Nonlinear Schrodinger (NLS) equation [24].
For the past few years, a great attentions have been paid to study the breathing nature of the soliton spin excitations
in the wide variety of physical systems. Breathers are characterized by spatially and temporally localized nonlinear excitations in the nonlinear systems i.e., solitary waves can display almost undamped long-lived oscillations of the amplitude
and the width and they can breath periodically. This breathing soliton do not damp down, almost no radiation is emitted,
and the amplitude of the oscillation can even be comparable with the soliton amplitude. Rigorous proof has been given
for the existence of breathers [25] and their properties have been studied extensively [26, 27]. However, the experimental
observation of breathing soliton has been reported only recently. Recent experiments on the quasi-one-dimensional antiferromagnetic spin chain in the presence of magnetic field revealed the existence of breather mode excitations directly by
an electron spin resonance investigation [28].
In this paper, we demonstrate the existence of localized EM breathing soliton modes in an anisotropic ferromagnetic
medium. We will employ a multi-scale perturbation method to analyze the considered system in which most of the explicit
parameters appearing in the equations are redefined to obtain derivative nonlinear Schrödinger equation. Furthermore,
we use the Jacobi elliptic functions method to solve the resultant DNLS equation and explore the existence of the EM
breathing soliton. This paper is organized as follows. The governing dynamical equations are introduced in Section 2. In
Section 3, a reductive perturbation technique is employed yielding a derivative nonlinear Schrödinger equation. In Section
4, we construct the spin components of the EM soliton. The results are summarized in Section 5.

2

Model and dynamics

The evolution of the magnetization in an anisotropic ferromagnetic medium in the presence of varying external magnetic
field in the classical continuum limit can be expressed in terms of the Landau-Lifshitz equation,
[
]
∂M
= M × J∇2 M − 2AM z n̂ + 2βH ,
∂t

(1)

where M(r, t) is a three component vector M = (M x , M y , M z ) representing the magnetization of the ferromagnetic
medium, J is exchange integral, n̂ = (0, 0, 1), A is the anisotropy parameter and β = γµB in which γ and µB represent
the gyromagnetic ratio and Bohr magneton respectively. The first term in the right-hand side of Eq. (1) represents the
effective field due to spin-spin exchange interaction and the parameter A characterizes the strength of the crystal field
anisotropy along the z-direction as the easy axis of magnetization and the contribution due to interaction of the magnetization with the external magnetic field is represented by the third term. The LL equation demands that the length of the
magnetization vector does not change with time (M2 = 1). For our problem, we consider the varying external magnetic
field H as the magnetic field component of the electromagnetic wave propagating through the anisotropic ferromagnetic
medium. In the absence of static and moving charges, the variation of electric field E and magnetic field H components
of EM wave when it is propagating through the ferromagnetic medium governed by the Maxwell equations
∇ · E = 0,

(2)

∇ · B = 0,
(3)
∂B
∇×E=−
,
(4)
∂t
∂D
.
(5)
∇×H=
∂t
Here D = εE, ε is the dielectric constant of the medium. The field vectors E = (E x , E y , E z ), B = (B x , B y , B z ),
H = (H x , H y , H z ) and D are respectively, the electric field, the magnetic induction, the magnetic field and the electric
induction. In the case of untreated ferromagnetic materials, the magnetization M, the magnetic induction B and the
magnetic field H are connected by the linear relation
B = µ(H + M),
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where µ is the magnetic permeability of the medium. Taking curl on Eq. (5),
∇×∇×H = ∇×

∂D
,
dt

(7)

and using Eq. (6), finally we obtain the following evolution equation as
[ 2
∂2
∂2H z ]
2 ∂ H
(H
+
M)
=
c
−
n̂ ,
∂t2
∂z 2
∂z 2

(8)

where c = √1µε is the phase velocity of the EM wave in a ferromagnetic medium. Eq. (8) describes the evolution of
magnetic field component of EM wave when it propagates through anisotropic ferromagnetic medium with magnetization
M2 = 1.

3 Electromagnetic wave propagation in ferromagnetic medium
In order to investigate the nature of the propagation of EM wave in an anisotropic charge-free ferromagnetic medium,
we try to solve the one-dimensional version of coupled dynamical Eq. (1) and Eq. (8) through a reductive perturbation
method developed by Taniuti and Yajima [29]. For employing the reductive perturbation method the spatial and time
variables are stretched as ζ = ϵ(z − vt), τ = ϵ2 t which characterize the shape of pulse propagating at the speed v and the
∂
∂
∂2
∂
∂
2 ∂2
2 ∂
time variable accounts for the evolution of the propagating pulse and ∂z
= ϵ ∂ζ
, ∂z
2 = ϵ ∂ζ 2 , ∂t = ϵ ∂τ − vϵ ∂ζ and
∂2
∂t2

2

2

2

∂
2 2 ∂
3 ∂
= ϵ4 ∂τ
2 + v ϵ ∂ζ 2 − 2vϵ ∂τ ∂ζ where ϵ is a small parameter. We assume that the bilinear exchange interaction is
stronger than that of anisotropic interaction, we rescale J as ϵ−1 J and A as ϵA. Further, as the ferromagnetic medium is
anisotropic in nature with easy axis of magnetization along z direction, we expand the components of the magnetization
of the medium M and the magnetic induction B in terms of the small parameter ϵ in a non-uniform way about the uniform
values M0 and B0 respectively by treating the small parameter ϵ as the perturbation parameter. That is, it is appropriate
to consider a nonuniform perturbation of the fields along the direction of propagation of the electromagnetic wave as
]
√ [
M Γ = ϵ M1Γ + ϵM2Γ + ... ,
(9)

M z = M0 + ϵM1z + ϵ2 M2z + ...,
and
BΓ =

]
√ [ Γ
ϵ B1 + ϵB2Γ + ... ,

B z = B0 + ϵB1z + ϵ2 B2z + ...,

(10)
(11)
(12)

where Γ = x, y. By substituting the non-uniform expansions for M and B in the component form of Eq. (1) and Eq. (8)
and after collecting and solving the terms proportional to different powers of ϵ, we get the following:
At the orders ϵ0 :
B1x = kM1x ,
(13)
B1y = kM1y ,
and
k=

B0
1
=
.
M0
ε(c2 − v 2 )

(14)
(15)

The zeroth order of the perturbation normally represents the steady-state solutions which can be derived from the corresponding terms in the Maxwell equation (8) and the zeroth order terms of x and y components of Landau equation are
identically satisfied by using the results obtained from Eq. (8). At the orders ϵ1 , after using the results at O(ϵ0 ) we finally
obtain B1z = 0 and
]
∂B x
∂ [ x
(16)
B2 − kM2x = −2vkε 1 ,
∂ζ
∂τ
]
∂ [ y
∂B y
B2 − kM2y = −2vkε 1 ,
∂ζ
∂τ
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∫

∂M1y
∂ 2 M1y
dζ − JM0
−
∂ζ 2
−∞ ∂τ
∫
∂ 2 M1x
∂M1y
4vεβk 2 M0 ζ ∂M1x
= JM0
dζ +
−v
−
∂ζ
∂ζ 2
µ
−∞ ∂τ
−v

∂M1x
4vεβk 2 M0
=
∂ζ
µ

∂M1z
4vεβk 2 [ y
−v
=
M1
∂ζ
µ

∫

ζ
−∞

ζ

∂M1x
dζ − M1x
∂τ

∫

ζ
−∞
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2kβ y z
M1 M1 − 2AM0 M1y ,
µ

(18)

2kβ x z
M1 M1 + 2AM0 M1x ,
µ

(19)

[
2
x]
∂M1y ]
∂ 2 M1y
y ∂ M1
dζ + J M1x
−
M
,
1
∂τ
∂ζ 2
∂ζ 2

(20)

Now, without loss of generality, we assume a new field ψ in order to identify Eqs. (18) and (19) with a more standard
nonlinear evolution equation by defining
ψ = M1x − iM1y ,
(21)
|ψ|2 = −M1z .

(22)

After single differentiation of Eqs. (18) and (19) and using the field ψ as given in Eqs. (21) and (22) with the transforma2
−v 2 )2
tions of Z = ζ + (c2vβc
2 Aτ and τ = τ , we obtain the following generalized derivative nonlinear Schrödinger (DNLS)
equation after lengthy algebra as
(
)
∂ |ψ|2 ψ
∂ψ
∂2ψ
∂3ψ
iη
+
+
iσ
=
iα
,
(23)
∂τ
∂Z 2
∂Z
∂Z 3
2

2

M0
2βc
JM0
where η = (c4βc
2 −v 2 )2 , σ = v(c2 −v 2 ) and α =
v . The DNLS equation occurs typically in situations where higher order
effects become significant. Now, let α is set to zero, the resulting nonlinear evolution equation are completely integrable
Kaup-Newell DNLS admitting soliton solutions [30]. The DNLS equation with α = 0 have been solved for the N-soliton
solutions using the bilinearization procedure [31]. The propagation of optical pulse in optical fibers with asymmetric
self-phase modulation and self-steepening is also governed by DNLS equation [32]. The nonlinear evolution of Alfvén
waves in space plasma which admit completely integrable DNLS equation was first given by Rogister [33] and later it has
been identified by many authors in the various fields of physics. Thus, the investigation of nonlinear spin excitations of
the DNLS equation associated with ferromagnetic systems has not only mathematical interest and significance, but also
has an important physical applications.

4

Breatherlike soliton spin excitations

The periodic and the solitary wave solutions in terms of Jacobi elliptic functions for the nonlinear partial differential equations attract considerable interest [34-36], because of the elegant properties of elliptic functions. We employ the Jacobi
elliptic function method aided with the symbolic computation to find the exact solutions governing the electromagnetic
solitons. The symbolic computation which plays an important role in dealing with a large amount of complicated and
tedious algebraic calculations. In the present section, we solve the generalized derivative nonlinear Schrödinger equation
(23) by invoking the Jacobi elliptic functions method [34].

4.1

Exact soliton solutions

Now, we show that the DNLS equation (23) admits special type of soliton solutions, for that we consider wave solution of
the form
[
]
ψ(Z, τ ) = u(Z, τ ) exp i(rZ + ωτ ) ,
(24)
where r and ω represent arbitrary constants. Substituting Eq. (24) into Eq. (23) and separating real and imaginary parts,
we obtain a system of two coupled nonlinear partial differential equations as
−ηωu +
η

∂2u
∂2u
2
3
−
r
u
−
σru
+
3αr
− αr3 u = 0
∂Z 2
∂Z 2

∂u
∂u
∂u
∂3u
∂u
+ 2r
+ 3σu2
− α 3 + 3βr2
=0
∂τ
∂Z
∂Z
∂Z
∂Z
IJNS homepage: http://www.nonlinearscience.org.uk/

(25)
(26)

174

International Journal of Nonlinear Science, Vol.21(2016), No.3, pp. 170-180

Figure 1: Evolution of spin component (M z ) in the form of soliton with a0 = 0.006, s = 0.05, θ = 0.01, r = 0.025,
β = 0.19, η = 0.04 and σ = 0.001.

In order to solve a system of coupled equations (25) and (26), we applying a simple transformation ξ = sZ + θτ , where
s and θ are wave number and wave velocity respectively, finally we get,
d2 u
d2 u
− r2 u − σru3 + 3s2 αr 2 − αr3 u = 0,
2
dξ
dξ

(27)

du
du
du
d3 u
du
+ 2rs
+ 3sσu2
− αs3 3 + 3sαr2
= 0.
dξ
dξ
dξ
dξ
dξ

(28)

ηωu + s2

ηθ

Using the Jacobi elliptic function method [36], u(ξ) can be expressed as a finite series of Jacobi elliptic functions sn(ξ|k)
or cn(ξ|k) using the following ansatz,
n
∑
u(Z, τ ) = u(ξ) =
aj cnj (ξ|k)
(29)
j=0

or
u(Z, τ ) = u(ξ) =

n
∑

aj snj (ξ|k),

(30)

j=0

where sn(ξ|k) or cn(ξ|k) are the Jacobi elliptic sine and cosine functions respectively. The parameter k is the modulus
p
(0 < k < 1) and when k → 1, sn(ξ|k) → tanh(ξ), cn(ξ|k) → sech(ξ). Here the highest degree of ddξup is taken as
O

( dp u )
dξ p

( dp u )
= n + p, O uq p = (q + 1)n + p,
dξ

(31)

where p = 1, 2, 3, ... and q = 0, 1, 2, 3, .... Balancing the higher order linear term with the nonlinear term in Eqs. (27)
and (28) will yield the value of n as 1. Upon substituting Eq. (29) in Eqs. (27) and (28) with n = 1, we obtain a system
of algebraic equations as depicted in Appendix-I. By solving the set of equations with the aid of symbolic computation
yields the following solutions:
Case (i): When a0 remains constant,
√
2ks −3σα
(32)
a1 = ±
3σ
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Figure 2: Evolution of the spin components and its respective contour plots (i) M x and (ii) M y with a0 = 0.006, s = 0.05,
θ = 0.01, r = 0.025, β = 0.19, η = 0.04 and σ = 0.001.
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Figure 3: Origin of breatherlike evolution in the spin components and (i) M x and (ii) M y with a0 = 0.006, s = 0.025,
θ = 0.016, r = 0.047, β = 0.2, η = 0.04 and σ = 0.005.

Figure 4: Evolution of breathing soliton in the spin components (i) M x and (ii) M y with a0 = 0.006, s = 0.022,
θ = 0.017, r = 0.047, β = 0.21, η = 0.042 and σ = 0.05.
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Figure 5: Evolution of breathing soliton in the spin components (i) M x and (ii) M y with a0 = 0.006, s = 0.011,
θ = 0.017, r = 0.027, β = 0.2, η = 0.04 and σ = 0.001.
and
ω=−

r(σa20 + r + αr2 )
.
η

(33)

Now, using the values of a1 and ω, we can construct the exact soliton solution through Eq. (24) since k → 1,
√
[
]
[ (
2s −3σα
(σa20 + r + αr2 ) )]
ψ(Z, τ ) = a0 +
sech(sZ + θτ ) exp ir Z −
τ .
3σ
η
Case (ii): When a1 remains constant,
√
[
]
−3sσ ηθ + 2rs + αs3 dn(ξ|k)2 + 3αr2 s − αs3 k 2 sn(ξ|k)2
a0 = ±
3sσ
[

and
ω=

(
)]
−3σra20 − r2 − αr3 + s2 (1 + 3αr) k 2 sn(ξ|k)2 − dn(ξ|k)2
η

.

(34)

(35)

(36)

Similarly, we can construct solution for ψ by making use of other possible solutions of case (ii).

4.2

Evolution of spin components

The magnetization components of the anisotropic ferromagnetic medium can be constructed by using the soliton solutions
(34) through the relations (21) and (22). Thus, the evolution of spin soliton solutions corresponding to an anisotropic
ferromagnetic medium when it is subjected to electromagnetic field is given by
√
]
[
[
r(σa20 + r + αr2 ) ]
2s −3σα
x
sech(sZ + θτ ) cos rZ −
τ ,
(37a)
M1 = a0 +
3σ
η
√
[
] [
2s −3σα
r(σa20 + r + αr2 ) ]
M1y = − a0 +
sech(sZ + θτ ) sin rZ −
τ ,
(37b)
3σ
η
√
[
]2
2s −3σα
M1z = − a0 +
sech(sZ + θτ ) .
(37c)
3σ
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In order to realize the evolution of magnetization when it is subjected to EM wave, we have plotted Eqs. (37) for x,
y & z-components of the magnetization (M1x , M1y & M1z ) of anisotropic ferromagnetic system with parametric choice
a0 = 0.006, s = 0.05, θ = 0.01, r = 0.025, β = 0.19, η = 0.04 and σ = 0.001. From the Fig. (1), it is inferred that the
z-component of the magnetization (M1z ) is first excited when the ferromagnetic medium is subjected to electromagnetic
field, since the ferromagnetic medium is anisotropic in nature along the easy axis (z-axis) and act as nonlinear system. As
the results of nonlinear spin excitations along the easy axis, z-component of the magnetization which introduces a highly
localized magnetized state in the form of soliton as depicted in Fig. (1). In the above analysis it must be ensured that the
magnetization developed along the easy axis i.e., along z-axis. Due to the soliton spin excitations along the z-axis, a small
disturbance (It is observed in the contour diagram of Figs. (2)) were introduced in the x and y components of magnetization
during the evolution since x and y components are evolving like sinusoidal wave. As the results of disturbance in the x and
y components, there will be change in the transmission character and amplitude of the sinusoidal linear wave is clearly
depicted in Figs. (2). So that the refractive index of the medium varies periodically along x and y axes and this change
in the refractive index produces local nonlinearity along the x and y axes. This local nonlinearity may be arise from the
derivative cubic nonlinear term in Eq. (23). Therefore, it is shown that the existence of the derivative cubic nonlinearity
enhances the beam propagation in the anisotropic ferromagnetic medium leading to oscillatory dependence of solitons i.e.,
breathing nature of solitons in which the amplitude of the oscillation can even be comparable with the soliton amplitude. It
is noticed that the localized nonlinear spin waves are space localized and time periodic which are usually called breathing
solitons as depicted in Figs. (3-4). The similar breathing soliton excitations were observed for the second solutions
presented in the case (ii) for different choice of parameters as given in Figs. (5). The experimental observations of such
nonlinearity were observed in the nonlinear electrical transmission lines are good examples of such systems [37]. A
nonlinear transmission line is comprised of a transmission line periodically loaded with varactors, where the nonlinearity
in capacitance arises from the variable depletion layer width, which depends both on the dc bias voltage and the ac voltage
of the propagating wave. Therefore, it is observed that the amplitude and width of the localized nonlinear spin waves vary
periodically with respect to time. To conclude, our theoretical investigations bring out breather like nonlinear excitations
in an anisotropic ferromagnetic spin chain in the presence of magnetic field which is a component of electromagnetic
wave propagating in the magnetic medium.

5

Conclusion

The origin of electromagnetic soliton propagation in the form of breather in a ferromagnetic medium has been investigated
theoretically. The governing dynamical equations for the electromagnetic wave and the magnetization of the ferromagnetic
medium have been mapped onto a DNLS equation using reductive perturbation method. The Jacobi-elliptic function
method were employed to solve the DNLS equation to understand the nature of propagation of electromagnetic wave in
a ferromagnetic medium and finally the evolution of the exact electromagnetic spin soliton solutions were constructed.
From the studies it is found that the propagation of electromagnetic wave along the easy axis is governed by soliton spin
excitations and this soliton spin excitations make some fluctuations in the x and y axes which results in creation of local
nonlinearity in that axes. The local nonlinearity which causes the change in the refractive index of the medium leading
to oscillatory dependence of solitons i.e., it supports breathing stable solitary modes of electromagnetic wave propagation
with constant amplitude and no loss in energy during its evolution. Therefore the present study may trigger the idea of
long-distance lossless transmission of electromagnetic soliton in the form of breather based on ferromagnetic material
medium. Also, this study will pave the way to understand theoretically the concept of magneto-optical recording without
loss of informations.
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Appendix-I
A system of algebraic equations corresponding to Eqs. (27) and (28) for various powers of cn(ξ|k) as follows:
cn(ξ|k)3 :
cn(ξ|k)2 :
cn(ξ|k) :

− σra31 = 0

− 3σra0 a21 = 0

− ηωa1 − 3σra20 a1 − αr3 a1 − r2 a1 − a1 s2 (1 + 3rα)dn(ξ|k)2
+a1 s2 k 2 (1 + 3rα)sn(ξ|k)2 = 0
cn(ξ|k)0 :

− ηωa0 − σra30 − r2 a0 − αr3 a0 = 0

and
cn(ξ|k)2 :

− 4a1 αs3 k 2 sn(ξ|k)dn(ξ|k) − 3a31 sσdn(ξ|k)sn(ξ|k) = 0,
cn(ξ|k) :

cn(ξ|k)0 :

− 6sa21 a0 σdn(ξ|k)sn(ξ|k) = 0,

− a1ηθ − 2rsa1 − 3a20 a1 sσ − a1 αs3 dn(ξ|k)2 − 3sa1 αr2
+a1 αs3 k 2 sn(ξ|k)2 = 0

IJNS email for contribution: editor@nonlinearscience.org.uk

