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Abstract: In this work, we present a dynamic behavior of the viral dynamical model using efficient computational algorithm, namely the multistage differential transform method(MsDTM). The MsDTM is used here
as an algorithm for approximating the solutions of the viral dynamical model in a sequence of time intervals.
In order to show the efficiency of the method, the obtained numerical results are compared with the fourthorder Runge-Kutta method (RK4M) and differential transform method(DTM) solutions. It is shown that the
MsDTM has the advantage of giving an analytical form of the solution within each time interval which is not
possible in purely numerical techniques like RK4M.
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Introduction

The DTM is a semi-analytical method for solving dynamical system as well as other equations. The method gives an
analytical solution in the form of polynomial. But it is different from Taylor series method that requires computation
the high order derivatives. The Taylor series method is computationally expensive for high orders. The DTM was first
introduced by Zhou in a study about electrical circuits [1]. The main advantage of this method is that it can be applied
directly to study of nonlinear ordinary differential equations without requiring linearization, discretization or perturbation.
Another important advantage is that this method is capable of greatly reducing the size of computational work while still
accurately providing the series solution with fast convergence rate. The DTM have been studied widely in physics and
mathematics [2]-[8].
Even if DTM provides a promising algorithm for solving many linear and nonlinear problems arising in various science and engineering fields, it also has some drawbacks. Since DTM is based on the Taylor series which gives a local
convergences and it has only a truncated approximation, it does not exhibits a good approximation in a large domain. Recently, the multistage DTM (MsDTM) [9]-[11] is proposed to accelerate the convergence of the truncated approximation
in a large domain as well as to improve the accuracy of the standard DTM. The MsDTM applies the standard DTM in
each subdomain.
The aim of this paper is to extend the application of the MsDTM to solve a viral dynamical model.
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Model description

The components of the basic three-component model are uninfected CD4+ T-cells, infected such cells and free virus,
whose densities at time t are denoted respectively by x(t), y(t) and v(t). These quantities satisfy
dx
= s − µx − βxv,
dt
dy
= βxv − αy,
dt
dv
= cy − γv.
dt

(1)

Here s is the (assumed constant) rate of production of CD4+ T-cells, µ is their per capita death rate, β is the rate of
infection of CD4+ T-cells by virus, α is the per capita rate of disappearance of infected cells, c is the rate of production
of virus by infected cells and γ is the death rate of virus particles. Typical parameter values are, with time in days and
particle (cell) densities in numbers per cubic millimeter: s = 0.272, µ = 0.00136, β = 0.00027, α = 0.33, c = 50 and
γ = 2.0. This was done with the standard parameter values given above and initial values x(0) = 100, y(0) = 0 and
v(0) = 1 for the three-component model.

3

Solution by DTM

Suppose x(t) be analytic in the time domain D, then it has derivatives of all orders with respect to time t. The differential
transformation of the kth derivative of a function x(t) id defined as follows:
X(k) =

[
]
1 dk x(t)
, ∀t ∈ D.
k!
dtk t=ti

(2)

The differential inverse transformation of X(k) if defined as follows:
x(t) =

∞
∑

X(k)(t − ti )k , ∀t ∈ D.

(3)

k=0

From (2) and (3), we obtain
[
]
∞
∑
(t − ti )k dk x(t)
x(t) =
, ∀t ∈ D.
k!
dtk t=ti

(4)

k=0

4

Solution by MsDTM

The approximate solutions obtained from DTM are generally, as shall be shown in the numerical experiments of this paper,
does not exhibits a good approximation in a large domain. Therefore, in order to improve the accuracy of the calculations
and accelerate the rate of convergence, it is necessary that the entire domain H is divided into n subdomains. Using a few
series terms to get the solution in a small time interval Hi is a main advantage of domain split process. Assume [0, H]
be the interval over which we want to find the solution of model. Let us consider the partition of the interval [0, H] as
{0 = t0 , t1 , · · · , tn = H} such that ti < ti+1 and Hi = ti+1 − ti for i = 0, · · · , n. Assume x(t) be a analytic function
in [0, H]. It then defines the differential transformation as
X(k) =

Hik
k!

[

dk x(t)
dtk

]
, k ∈ Z+ ∪ {0},

(5)

t=ti

and its differential inverse transformation of X(k) is defined as follows
x(t) =

)k
∞ (
∑
t
X(k), t ∈ [ti , ti+1 ].
Hi

k=0
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We divide the time domain H in n subdomains to obtain a globally accurate solution. In this way, the differential equation
can then be solved in each subdomain to obtain a piecewise finite
∑nseries solution. Using a few Taylor series terms to
construct the solution in a small time interval Hi , where H = i=0 Hi is a main advantage of domain split process.
Considering the function x(t) can be expressed in the i-th sub-domain (ti−1 ≤ t ≤ ti ), the one dimensional differential
transformation is given by the following equation
x(t) =

)k
n (
∑
t
Xi−1 (k), where Xi−1 (0) = xi−1 (ti−1 ).
Hi

k=0

5

Applications

In this section, we will apply the MsDTM to solution of viral dynamic model. Consider viral dynamic model, by taking
both sides of the systems of equations given Eq. (1) and initial values is transformed as follows:
X(k + 1)

Y (k + 1)
V (k + 1)

=

=
=

1
(k + 1)
1
(k + 1)

(
λδ(k) − µX(k) − β

k
∑

)
X(l)V (k − l) ,

l=0

(
β

k
∑

)

X(l)V (k − l) − σY (k) ,

(7)

l=0

1
(κY (k) − γV (k)) ,
(k + 1)

with X(0) = x0 , Y (0) = y0 and V (0) = v0 .
Thus, from a process of inverse differential transformation, it can be obtained the solutions of each subdomain taking
n + 1 terms for the power series like Eq. (7), i.e.,
xi (t) =

n
n
n
∑
∑
∑
t
t
t
( )k Xi (k), yi (t) =
( )k Yi (k), vi (t) =
( )k Vi (k), 0 ≤ t ≤ Hi .
Hi
Hi
Hi

k=0

k=0

(8)

k=0

provided that the solutions holds with:
x(t) =

n
∑

xi (t), y(t) =

i=0

6

n
∑
i=0

yi (t),

v(t) =

n
∑

vi (t).

(9)

i=0

Numerical results and discussion

The accuracy of the MDTM is demonstrated against Maple built-in fourth-order Runge Kutta procedure RK4M for the
solutions of viral dynamic model. The domain is divided using Hi = 0.01 comparing with RK4M with step size h =
0.001. The Figs. 1 show that the DTM diverges after small time while the MsDTM fits with RK4M in the whole intervals.
From Figs. 2 and 3 it can be seen that the numerical solutions given by MsDTM reproduce the correct periodic behavior,
positivity and boundedness of the different subpopulations for the viral models, which are in line with the periodic behavior
of the continuous model shown in [12].

7

Conclusion

In this paper, MsDTM was used for finding solutions of viral dynamical model. We suggested a technique which acted
such as the DTM as an algorithm in a sequence of intervals to find accurate approximate solutions of linear and nonlinear
differential equations. We illustrated the MsDTM has the advantage of giving an analytical form of the solution within
each time interval which is not possible in purely numerical techniques like RK4M. Furthermore, we demonstrated that
the analytical solutions of the MsDTM are in excellent agreement with respect to the numerical solutions.
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Figure 1: Comparison of the numerical approximations of subpopulations between the MsDTM, DTM and RK4M 4
results.

Figure 2: Showing trajectories in the viral dynamical model.

Figure 3: Comparison of the numerical approximations of subpopulations between the MsDTM and RK4M results with
n = 3.
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