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Abstract: According to the recent researches on the diversity of language, the language networks appear to
have a property that there exists a hierarchical structure in them. A hierarchical bipartite network is built to
connect the languages and people who speak them. We wonder the inner relationship among these people
in the bipartite hierarchical language networks and investigate the one-mode model of them. In this research
we derive the probability distribution, the average degree and the average number of second neighbors of a
random chosen person. And a significant quantity, the average distances on one-mode graphs of people, is
also get which is controlled by two positive parameters M and S. In these language networks, the average
distance represents how difficultly these people communicate with each other. We draw a conclusion that
when M gets larger, the average distance gets smaller where we set the order of the network as a constant. It
means that while the population in the world is fixed, people will get around more easily as well as when the
languages get more centralized and more humans speak the same language.
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Introduction

With the development of network sciences, the efficient methods of network have been widely used to analysis and
simulate the real world phenomena. At the same time, language networks has also drawn a great attentions of researchers
to investigate them. Particularly the diversity of language was proposed in a research[1] recently. Lewis [2] also claimed
that the exact number of known living languages varies from 6,000 to 7,000, where a ”living language” means simply one
which is in wide use as a primary form of communication by a specific group of living people.
In this paper we built a bipartite network to connect the languages and people who speak it. There exist only two
elements in this network, which are languages and humans. The bipartite structure is described as: there are two distinct
kinds of vertices on the graph with links running only between vertices of unlike kinds [3]. See Fig. 1. For instance, the
two types of vertices are leaf nodes and root nodes, and the network can be represented as a graph with edges running
between each leaf node and the root node that appear in it. Researchers have also considered the projection of this graph
onto the uni-partite space of leaf node only, also called a one-mode network [3]. In such a projection two leaf nodes are
considered connected if they both connect to a root node together. While language networks have two distinct elements:
languages (root nodes) and humans (leaf nodes). One language can be spoken by a wide range of people and one person
can speak several languages. Therefore in these way the property of the language networks can be characterized more
precisely.
Observing from different scales, there exhibits approximate self-similarity, which is the core character of hierarchical
networks.[4][5][6][7] The hierarchical networks have been first proposed in [8] and extended and discussed in [9] [10] as
a method of generating deterministic scale-free networks. Here we use two positive parameter M and S to adjust the size
of the network to simulate the real language networks. Motivated by Refs. [8] [11], in this paper, a bipartite hierarchical
graph is built to simulate and analysis the language networks. This model can be controlled by two important parameters,
M and S, to form the desired structure. Focusing on the inherent connections of people in the language networks, we
obtain the generating functions for people so that we can certainly get the probability, average degree and the average
number of second neighbors of a random chosen leaf node. We also derive a significant quantity, the average distances on
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one-mode graphs, which is relevant to the parameter M and S. When the parameter M get bigger, the average distance
decrease. Here the average distance represents how difficultly these people communicate all around the world. It means
that when the languages in the world get more centralized and more people use the same language, the difficulty in
communication between humans is lower.

Figure 1: A schematic representation (top) of a bipartite graph of two classes of nodes represented by leaf
nodes and root nodes respectively. In this small graph
we have 7 leaf nodes (circles), labeled A to G, and 3
root nodes (squares), labeled H to J, with edges joining
each leaf nodes to the root nodes in its cast. In the lower part of the picture we show the one-mode projection
of the graph for the 7 leaf nodes.

2
2.1

Figure 2: Construction of the bipartite hierarchial network, showing the first 2 steps of the iterative process
when M = 4 and S = 3. Two distinct kinds of vertices on the graph are shown, which are leaf nodes and
root nodes represented by blue circles and red squares,
respectively. All these leaf nodes can only connect to
the root nodes, while these roots have to connect the
leaf nodes, too.

Hierarchial organization
Model description and analysis

The construction of the model, which follows a hierarchical rule commonly used in deterministic fractals [13] [14], is
shown in Fig. 2. The network is built in an iterative method with each iteration repeating and reusing the elements
generated in the previous steps as follows:
We denote by G(t) the network model after t (t ≥ 1) iterations (number of generations). And the network can be
controlled by two positive integers M ≥ 2 and S ≥ 2 to adjust its size.
Step 1: Start from a single node and we designate it as the root of the graph. Then we add M more leaf nodes, and
connect each of them to the root.
Step 2: Add S − 1 replicas of G(1) and connect each of the leaf nodes of these S − 1 replicas to the root of G(1).
Then the root will gain M (S − 1) more new links. See Fig. 2.
Actually, step t (t = 1, 2, 3 · · · ) would involve the following operation:
Step t: Add S − 1 replicas of G(t − 1) and connect each of the leaf nodes with degree t − 1 of these S − 1 replicas to
the root of G(t − 1), which has the biggest degree.
In G(t), the number of nodes, often called order of the network denoted by Nt , is Nt = (M + 1)S t−1 .
The real language network is simulated by this model with root nodes and leaf nodes represented by languages and
human. A root node (language) with degree k means a certain language is covered by k individuals while a leaf node
(human) with degree k means a person who can speak k kind of languages.
For the convenience of calculating the degree distributions, all these nodes are classified into the following four sets,
according to its degree: peripheral leaf node set Lt with degree t, local leaf node set Li with degree i (1 ≤ i < t),
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Figure 3: Construction of the bipartite hierarchial network when M = 4 and S = 3, showing the third step of the iterative
process. All the nodes in this graph are defined into 4 classes. The filled circles, open circles, red circle, and red squares
represent peripheral leaf nodes, local leaf nodes, central root node, and local root nodes, respectively.

set R1 only consisting of the central root node of G(t) formed in step 1, and the local root node set Ri with degree
M
i
S−2 [(S − 1) − 1] (1 < i ≤ t). See Fig. 3. The cardinalities, defined as the number of nodes in a set, of the four sets are
|Lt | = M (S − 1)t−1 ,

(1)

|Li | = M (S − 1)i−1 S t−(i+1) ,

(2)

|R1 | = 1,

(3)

|Ri | = (S − 1)S t−(i+1) ,

(4)

and
respectively. In G(t), the total number of local root nodes plus the root node equal to S t−1 , while the sum of peripheral
leaf nodes and local leaf nodes is M S t−1 .
In G(t), all nodes belonging to the same set have the same degree. The degree of set R1 , Lt , Li and Ri in G(t) is
denoted by KR1 (t), KLt (t), KLi (t) and KRi (t), respectively. The degrees of the four sets are follows.
KR1 (t) = M

t
∑

(S − 1)ti −1 =

M
[(S − 1)t − 1],
S−2

(5)

(S − 1)ti −1 =

M
[(S − 1)i − 1],
S−2

(6)

ti =1

KRi (t) = M

i
∑
ti =1

KLt (t) = t,

(7)

KLi (t) = i.

(8)

and

2.2

Degree distributions

We give out the analytical solution of distribution to test its nature.
From Eq. (6) the number of the nodes in Ri , which have the degree k =
at generation t the probability that the nodes in Ri have the degree k is
PRi (k) =

M
S−2 (S

− 1)i − 1, is (S − 1)S t−(i+1) . Thus,

( (S − 2)
(
)− log(S−1) S
)−log(S−1) S
S−1
(S − 1)S t−(i+1)
= (S − 1)
.
=
= (S − 1) (S − 1)i
k+1
t−1
i
S
S
M
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M
From Eq. (5), the set R1 has only one node, which has the degree k = S−2
(S − 1)t − 1. Similarly, we obtain that at
generation t the probability that the central root node in R1 has the degree k is

PR1 (k)

=

1
S
= t
S t−1
S

(
)− log(S−1) S
( (S − 2)
)− log(S−1) S
= S (S − 1)t
=S
k+1
.
M

The ”pure” power-law degree distribution of the whole root nodes has the form:
( (S−2)
)− log(S−1) S
(
)− log(S−1) S
(S − 2)k + M
M k+1
PR (k) ∼ ∑ ( (S−2)
)− log(S−1) S = ∑ (
)− log(S−1) S .
k
+
1
(S
−
2)k
+
M
k
k
M
The number of the nodes in Li with the degree k = i is M (S − 1)i−1 S t−(i+1) , which can be found in Eqs. (2) and (8).
Obviously, the probability that the nodes in Li have the degree k at generation t is
PLi (k) =

M (S − 1)i−1 S t−(i+1)
S−1 i
1
S−1 k
1
(
) =
(
) .
=
M S t−1
S−1 S
S−1 S

Then we obtain the probability PLt (k) of the nodes in Lt having the degree k generation t
PLt (k) =

M (S − 1)t−1
S
S−1 t
S−1 k
S
=
(
) =
(
) .
t−1
MS
S−1 S
S−1 S

The correctly normalized degree distribution of the whole leaf nodes has the form:
( S−1 )k
( S−1 )k
PL (k) = ∑∞ S S−1 k = S
.
S−1
k=1 ( S )

(9)

We can see that the degree distribution for root nodes follows power law. While the degree distribution for leaf nodes
follows a exponential-law.

3

Bipartite hierarchical graph and one-mode model

Under the algorithm of [11] for bipartite graphs, the model of hierarchial organization can be regarded as a bipartite graph,
where the two distinct kinds of vertices are the set of root nodes and leaf nodes, respectively. Consider the bipartite graph,
in which each leaf node connects µ root nodes on average and each root node connects ν leaf node on average.
Let pj be the probability distribution of leaf nodes having degree j and qk be the probability distribution of root nodes
having degree k. These two probability distributions can be given from the generating functions we defined as follows:
∑
∑
qk xk .
l0 (x) =
pj xj ,
r0 (x) =
(10)
j

k

According to Eqs. (9)-(10),
l0 (x) =

∞
∑
( S−1 )k
S

i=1

S−1

xk =

x
,
S − (S − 1)x

when k approaches infinity, the second equation exists. And
)−log(S−1) S k
∑ (
(S − 2)k + M
x
r0 (x) = ∑k (
)− log(S−1) S .
k (S − 2)k + M
Similarly we also have
l0 (1) = r0 (1) = 1,

l0′ (1) = µ,

r0′ (1) = ν.

(11)

If we now choose a random edge on our bipartite graph and follow it both ways to reach the leaf and root nodes that it
connects, then the distribution of the number of other edges leaving those two vertices is generated by the equivalent of
Eq. (9) in [11]:
l1 (x) =

l0′ (x)
,
µ

r1 (x) =

r0′ (x)
.
ν
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Thus the generating function for the distribution of the number of co-leaf nodes of a randomly chosen leaf node can be
written as
L0 (x) = l0 (r1 (x)).
If we choose a random edge, then the distribution of number of co-leaf nodes of the leaf node to which it leads is generated
by
L1 (x) = l1 (r1 (x)).
These two functions play the same role in the one-mode network of leaf nodes as the functions of the same name did for
the unipartite random graphs. Here we have calculated L0 (x) and L1 (x), all the results follow exactly as before.
The probability distribution pk of the a random node on this one-mode graph with degree k is given from L0 (x):
pk =

1 dk L0 (x)
k! dxk

.
x=0

The numbers of first and second neighbors of a randomly chosen leaf node are
z1

=

L′0 (1)

=

l0′ (1)r1′ (1)

=S

∞
∑

(
)−log(S−1) S
k(k − 1) (S − 2)k + M
,

k=1

and
z2

=

L′0 (1)L′1 (1)

=

l0′ (1)l1′ (1)(r1′ (1))2

= 2S(S − 1)[

∞
∑

(
)−log(S−1) S 2
k(k − 1) (S − 2)k + M
] ,

k=1

which can be obtained from Eqs. (10)-(12).
The average vertex-vertex distance on the one-mode graph is given as Eq. (54) in [11]. Thus, it is possible to estimate
average distances on such graphs by measuring only the numbers of first and second neighbors.
From the above results and the sum of leaf nodes, M S t−1 , we have
ln(N/z1 )
ln M + ln S t−2 − ln α
+1=
+ 1,
(13)
ln(z2 /z1 )
ln 2(S − 1) + ln α
(
)−log(S−1) S
∑∞
.
where α = k=1 k(k − 1) (S − 2)k + M
The average distance L between two randomly chosen leaf nodes on the graph is got. From Fig. 4, we can see that the
average distance varies with the generation t and the parameters M . According to the condition M S t−1 = |L|, when M
gets larger and generation t reduces, the average distance decreases. In reality, the more people cover the same language
on average, the lower difficultly two person communicate around the world.
L=

4

Conclusion

In this paper, a hierarchial bipartite model is built to simulate and analysis the language networks and this model is
controlled by two parameters M and S. With the algorithm of generating functions in [11], we derive the generating
functions of one-mode model of humans in this network with the probability distribution, the average degree and the
average number of second neighbors of a random chosen node. The average distance of one-mode model, less than 2, is
controlled by M . When M become larger, the average distance diminishes. While the average distance represents the
difficulty in communication among humans, enlarge the quantity of humans who speak the same language may shorten
the distance in communication.
All these works are based on the assumption that the network is un-weighted, i.e., all the weight on each link of the
graph is equal. So the further research will be focus on the weighted network models.
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Figure 4: The average distances at different steps are varied with the parameter M with the population fixed to a constant
7 billion, for the condition M S t−1 = 7 × 109 . When M get bigger, the average distance decrease. In this graph we set
S = 7.
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