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Abstract: In this paper, we consider the soliton dynamics on the potential internal for the BBM equation
under a slowly varying medium. We construct an approximate solution for this equation and prove that the
error term due to the approximate solution can be controlled.
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1 Introduction

In this work, we consider the following BBM equation under slowly varying medium,
1
(1- iai)ut + (e — u + acu?), =0, (t,z) € Ry x R,. (1.1)

Here u = u(t,x) is a real-valued function and a. = a(ez) satisfies the following conditions. There exist constants
K, ~ > 0 such that
1<a(r)<2,d(r)>0,YreR,
0<a(r)—1< Ke™, Vr <0, (1.2)
0<2—a(r) < Ke " ,Vr>0.

In particular, TLlrEloo a(r) = 1and T£I+noo a(r) =2.

We construct the approximate solution of the equation on the internal of [—7, 7] and then prove that the error term
due to the approximate solution can be controlled under O(z—:% e~ elt),

Many relevant works have been done. Kaup and Newell [1] considered the study of perturbations of integrable e-
quations, in particular, they considered the perturbed gKdV equation. Grimshaw [2,3] introduced slowly varying solitary
waves for the Korteweg-de-Vries equation and nonlinear Schrédinger equation. K.Ko and H.H.Kuehl [4] had a research
on the Korteweg-de Vries equation with slowly varying coefficients for a soliton initial condition. Recently, C. Mufioz
made many contributions to this work. He [5-7] researched the soliton dynamics under a slowly varying medium and
inelastic character of solitons for generalized KdV equations. At the same time, Muiloz [8,9] studied the soliton dynamics
and sharp inelastic character under slowly varying medium for nonlinear Schrédinger equations.

2 Preliminaies

2.1 Soliton solution of BBM equation

Recall the so-called Benjamin-Bona-Mahony equation,

1
(1— iai)ut + (Upy —u+u?), =0, t,z €R. (2.1)
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This equation has the soliton solutions as follows:

U(t,{L‘) = Qc(x - Ct)v Qc = (1 + C)Q(
where Q(z) = £ cosh (), solves Q" +Q? = Q. (2.3)

2.2 Definition of (IP) property

We say that A.(et, x) satisfies the (IP) property if and only if :

(i) Any spatial derivative of A.(et,x) is a localized Y -function.

(ii) There exists K,~ > 0 such that [[A.(et, z) || o gy < Ke el forall t € R.
Y -function means the set of functions f € C*°(R, R) such that

Vje N, 3C;,r; >0, Va € R, ‘f(j)(x)‘ < (1 + Jaf)relel,

2.3 The characters of (). and the properties of the new operator L

Lemma 1 For Q.= (14+0)Q( f:fcx)
(i) )
d 1 1 (1+4¢)2

1 1" 2 — (__ — _ 7
(1+50Qc + Qe = (1+)Qe, AQe = (75Qc)ie=e = 7 (Qe+ 7 (1+10)3

/Qz:(1+c%1+70%/Q2 /Qtﬁ/ )2:(1+C)5(1+%c)%/(Q’)2. (2.5)

o=t et far- g far [ae- - i((”ci)g]/cgc. 26)

2

y@Qe)- (2.4)

(ii)set
- @@ N Qulx) [ 1l4c 1+c¢
Y= 0w D=0 \/1+1 ¢(\/1+§cx)' (2.7)
We have
L5C i g = [2EC
Lemma 2 Set .
Lf = =(1+ 50f"+ (1 +¢)f = 2Qf (2.9)

(i)The kernel of L is spawned by Q)"..
(ii)Inverse. For all h = h(y) € L*(R) such that fR hQ'. = 0, there exists a unique h € H?(R) such that JrhQ. =0

and Lh = h. Moreover; if h is even (resp.odd), then h is even(resp.odd).

Proof. The proofs of Lemma 1 and 2 are similar to the Claim A.2 in the paper [10]. So it is omitted. m

3 Construction of a soliton-like solution

3.1 Decomposition of the approximate solution

Set )
T.=¢ '~ 10, (3.1)

We look for the @(t, x) , the approximate solution for (1.1) on the interval of time [T, 7],

Qe
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Q.= (1+0Q |7 =p). o= [ clenisT.. (3.3

The form of (¢, ) will be the sum of the soliton plus a correction term:

G=R+4+w=R+cecAc(et,y), (3.4)

where

where A.(et, ) satisfies (IP) property. We want to measure the size of error produced by inserting @(t, ) as defined in
(3.4) in the equation of (1.1). For this, let

S[ﬂ] (1 - aai)ut + (u.LL —u+au 2).L (35)
We can get the following results.

Proposition 3 For Vt € [—T.,T.|, the nonlinear decomposition of the error term S[u] holds:
N a” a’ 1 e
1) = £lF — (LA, + 2[5 (P + 2% (1AQ) + (1~ LAAL + (A))] + O ). (36)

where F=(1- %8%)%,[&@6 —(1- 182)(12 Qe+ a; (yQ?),. (3.7)
Proof. This proposition is proved explicitly in the next four Lemmas. m

Lemma 4 Set
Slal =T+ I1I+1II1I.

where, I = S[R] = ( —%ag)Rt—l—(Rm—R—i—ang)w, I7T=( —%8§)wt+(wm—w+2a€wR)$, IIT = {a.w?},.

Proof. Recall & = R + w and this lemma is just proved by the binomial theorem. m

Lemma 5
d 1 2)A a'c Lo a’ 2 20" 50 3
I= 5[5(1 - 5830) Qe — ;(1 - §am)Qc + ?(ch)w] +e ﬁ(y Q2)z + Omz(ry(€”).
Proof. By y = x — p(t), R = a(e%ft and O;p(t) = c(et). We have
I = (1- 5&3)& + (Rye — R+ a.R?),
1,5 (AQ.Ce — Qlc)a — Qea’ec 1 A |
— ) 2 c c c N _ Xc - 2 )
(1 332) L PO =Ly S (alen)QY)

Via a Taylor expansion

(a(e2)Q2)e = alep(t))(Q2)s + £d (ep(t)) (yQ2)x + 1€2a”( p(t) (1 Q%) + 163a”’( (p(t) + 1)) (¥° Q2)e-

In the term of a”’ (c(p(t) + 0y)) (y3Q2)q. thus |a”| < k , (y3Q2), €Y.
So

(a(e2)Q?)e = alep(t)(Q2)s + £d (ep(t) (yQ2)s + 52@"( p(t)(Y*Q2)z + Omrz(ry (€°).
(AQ.c'e — Qe)a — Qea’ec 1 (AQ7 e — Q'c)a — Qfa’ec

L= a? 2 a?
1 " Q/c 1 2 / 1 2. 11(,2M2 3
+ an - 7 + ?[Q(Qc)x +ea (yQ ) =+ 26 a (y Qc)x + OHQ(R) (6 )
_ Lo Loony £ o€ Loryno, — e _ Lo <02
I - CL(QC (1 + C)QC + (1 + QC)Q() + g[a (1 QaT)AQ(' ag (1 2ar)Q(‘ + ag (yQ(')’E]

a//
+ EQ@(?JQQE% + OH2(R) (53)-

a'c 1 a’ a”
(1= 300Qc + 5 (1Q2)e] + €55 (1P QD) + Orra(ay ()

c 1
1==S0- Lo - 4
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Lemma 6

!

1
IT=¢%[(1- 583)(AA60’5 + (Ao)) + 2%(3//16@)75] —e(LAc)y + Opz(gy (3e e M),

Proof. We compute

1 1
11 = (1= S0)w; + (w —w+20.wR), = £(1 = S0)(Aclet, ) +l(Ac)yy — Ao + 23@3 AcQca
Use the same method, Taylor expansion just like Lemma 5
1 !
II = ¢(1- 5a;)[AACc’g + (A — (A)yd + €[(Ae)yy — Ac+ 24:Qc + 26 =y AcQc]w + Opra(y (%77
a

= £(1- %833)(AACC'5 + (Ao + 252%/(3114662)35 +e[-1+c)Ac+ (1 + %c)(Ac)yy +2Q:Acly

+ OHQ(R) (6367’%'”)
/

= (- ZAALE + (A)) + 2L (AQ)] — (LA, + Oppa iy (571,

Lemma 7
I1T = {a.w?}, = %(a(ex)A?), = e3d' (ex) A% 4 £2a.(A%)" = O(2e eI,

Proof. Note that (Ag)' € Y because (IP) property holds for A.. So, we can get
I1T = {a.w?}, = %(a(ex)A?), = 3d' (ex) A% 4 £2a.(A%)" = O(2eelY),

Now we collect the estimate from Lemma 4, Lemma 5, and Lemma 6. We finally get

5 a’ a’ 1 _
Sl = e[F = (LA),] + 2[5 (5 Q2)y + 25 (yAQ)a + (1 = 5O(AC + (A0),)] + O(e2e M),
Due to Lemma 4, Lemma 5, and Lemma 6, the Proposition 3 is proved. m
Note that if we want to improve the approximation @,the unknown function A, must be chosen such that
F—(LA;)y=0,forally € R Q).
Then the error term will be reduced to the second order quantity

a//

18] = L5 (@2 + 2% (A + (1~ LONAAL + (A)] + O ),

a2

We prove such a solvability result in the next part.

3.2 Resolution of (2

Lemma 8 (Existence theory for §2 )
Suppose F' € Y even and satisfying the orthogonality condition

| Fa.=o

Let 5 = %\ / %%: fR F, the problem of Q has a bounded solution A of the form A. = Bo.+0+ A1 (y), with A1 (y) € Y.

Proof. Let us write A. = S¢. + J + A1(y), where 5,0 € R and A;1(y) € Y are to be determined. We have
LA(y) = H(y) — BL¢. — v, where H(y) = fi’oo F(s)dsand v = LA;(0) — ffm F(s)ds.

1+4c
1+ic

Without loss of generality , we can suppose the constant term v = — B. The problem of (2 is solvable if and only
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if

[ 1w = szo.+ 0@t = [ L=~ [ Fo.-o,

Namely recall that (LQ,, = 0) thus there exists a solution A (y) satisfying [, 4,Q.. = 0.
Since

. 1+e¢ . 1—|—c 1+c¢
Jim () =Bl +\[TE0D =0, lim (1) = 8(Lon+ 7] / P2 i

So we get A1 (y) € Y provided 8 = %4/ 1;:_%; [5 F'. This finishes the proof. m
According to the Lemma 8, it suffices to verify the orthogonality conditions.

Lemma 9 There exists a solution A. of the problem () satisfying (IP) and such that

1+c¢ .
pemste [T, e
1+ £ 14+ ¢ /
+2/F:1\/TQ( ¢ (1_1(1
1+c /g 2V 1+4+ca(l+¢) 401+

Proof. We prove this Lemma in next three Lemmas. m

%o [ a.

m\,,; NI\»—‘

Lemma 10 (The imposed condition)
To get orthogonality condition || r F'Qc =0, the parameter of c, a satisfy the following conditions

11 3 1 (@1+¢

(5 +ze—

11 9 a 11
1075 40(1+ %)% 2

(3+20]~ LIl + )55 + 26— 2(1+ (1 + 5] =0,

olos| =

Proof. Note that 1 , o
c
F=(1-50)~AQ— (1~ 492) ch = & WQ3),
We just compute these three terms [, (1 — 302)AQQ., [, (1 — %03)@6626 and [, (yQ2),Q

1 1 1 1 1
/1%(1—§8§)AQQC = /R(l—iai)QCAch 1+C/(2+0Qc+ 2+CQ§)(QC+

Note that [ Q.yQ. = [yd(Q?) = —1 [ Q2 and [ Q*yQ. = 1 [yd(Q%) = -1 [ Q2.

So
LooagQ = [ (Ll _ 1 0¥t 11 ot
/R“‘iaw)AQQc—Hc[/(HC St 10t T o T 1gf %
1 2 N A 1 2 L 3
[a-ymaa= [ Qcﬂf/HcQﬁH Q).

[ @20 = [ Qe = - [ vataq) =3 [ ot

So put these three parts together and from Lemma 1 and Lemma 2 to get orthogonality condition, we impose

, (1o} 9 « 1 204 e
c[(f—i—fc—*Tg)%(z + 2¢)] — a[ c(l+c)(7 F(1+¢) (1+§)] =0.

3
c)—5

105

%o [ a.

m\w N)\»—‘

1+5/F:1 /1+§( ¢ (1_1(1
1+cJr 2V 1+4+ca(l+c) 41+
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Proof. 1 , 1 / ’
_(1_ 2a2C (1 tan® & 02
F=(1-3507)-AQc = (1= 507) 50Qc + 5 (yQ2)y-

a
We just compute the [ (1 — 202)AQ., [ (1 — 302)Q.and [ (yQ?),. Because a, c is independent of x.

1
1+c¢

Ja-3ena. - (- 3@+ el = i f e i fad

Dueto [(1—102)Qc= [Qc.— 3 [Q) = [Q.and [ (yQ?), = 0.

1 143 d 1(14¢)2 a’
B_i 1+Z(a(1+c)(1_4(1+0)‘3)_a?c)/Qc'

[
Lemma 12
1+c¢
0= —
p 1+ %c
Proof. Finally, to get lim A. = 0by Lemma 1, we choose § = —f 11+1C .
y—++00 t3c¢
[
According to Lemma 9, Lemma 10, and Lemma 11, We have A, = (¢, — e ) + Ay (y), Ay €Y, this finishes the

1+%c
proof of Lemma 8.This proves the problem of 2.

3.3 Correction to the solution of problem of (£2)

Consider the cutoff function € C°°(R) satisfying the following properties,

0<n(s) <1L,0<7(s) <1, Vs €R,

n(s) =0,Vs < —1, (3.8)
n(s) =1,Vs > 1.
Define
1e(y) = n(ey + 2). (3.9)
And for A, = A.(et,y) solution of {2, denote
Ay =n.Ac(et,y). (3.10)
Now redefine
ii=R+w=R+ecAy. (3.11)

The following Proposition, which deals with the error associated to the cutoff function and the new approximate solution
4 , is the main result.

Proposition 13 There exist constants o, K > 0 such that for all 0 < € < g, the following holds.
(i) (a)New behavior. Forallt € [-T,.,T.],

Aglet,y) = 0,y < -3
’ ’ ’ (3.12)
{ Ay (et,y) = Aclet,y), Yy > <.
(b)Integrable solution. Forall t € [—T.,T.] ,Ay € H'(R) with
leAgll g gy < Ke2e M, (3.13)
(ii)The error associated to the new function u satisfies
ISTal 2y < Ke2e™ V. (3.14)
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and the following integral estimate holds

/R|\S[a]||H2(R) it < Keb. (3.15)

Proof. The proof of first part of this proposition is similar to proof of proposition 13 in [5], so we omit this part. We will
prove the second part of this proposition in the next Lemma. m

Lemma 14
Sla)| =T+ 11" +1II
where
II' = —ene(LAL)y + Oy (€2 e VM) |[TIT || oy < KeZe 1M,
Proof.

IIT = {a(ex)w?}, = 2 (a(ex)n?A?), = 3d (cx)n? A2 + 2%a(cx)nen, A2 + 2%a(cx)n? A AL
With Ac, Ap € Y [Inill 2 gy < Ke=1/2  uniformly t € [T, T.].Moreover ,we have the estimate
[ TTT|| oy < KePe eI
Note that

1 1
(1- 583)(5A#)t = e(l- 583)(_50772140 — c(Ac)yn: +e(Ac)ime — eneAAcc)

1 1
52(1 - 563:)(_6772146 + (Ae)ine — nEAAcCI) —e(l— 58%)(0(146)@,775).

Thus

((EA#)Iz cAu + 2a€€A#R)x
= ((emeAe)ws — eNeAc + 2ca:RnAL)
= e[(n-(Ao)yy + 2em(Ac)y + € AL —en.Ae + 2ca. Rn. Al

= eM((Ae)yy —Ac+2 a(ez) A]e + (20l (A)y +enl ALy

alep)
aex)

_ a(ex) )
- Ens[(AC)yy - AC +2 a(ep) QcAc]x + 52775((Ac)yy - Ac +2 a(ep)

+  2(2enl(Ao)y + 20 (Ac)yy +enll (Ac)y + €70l Ac)

= end(Adhy — Ao+ 25 QuAlla B (AL), + (AL + Ao = Aot 25 Quk)

= Ens[(Ac)yy - Ac + 2Qc c} + 28 Ne— (ch c)
+ 52(35772/(145).1/ + 3772(‘4 Jyy + € TI"/A 775Ac + 2772@6‘46) + 0(5377€(y2QcA0)y)-

QcAc)

From the (IP) property to estimate as follows

’25 ne— (yQC )y » < Ke2eeltl |0(e®n:(y*QeAc)y) || oy < K&
(R)
€402 Acl iy < 3¢, Aoy < REe

||€2(3€77;,(Ac)y + 3nL(Ac)yy + 2. QA ||H2 < Ke2eeltl,
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Therefore
(EAg) 0w — eAp + 20ce A4 R); = enc[(Ac)yy — A + 2Qc Ay + Opz(py (€271 4 &3).
So, we get
II' = —eno(LA)y + Opz(py(e%e M),
| |
Note that

Sla) = e[F — n.(LAc)y] + Opz(r) (ggewe\t\) =e(1—n)F + ()HQ(R)(g%ewslt\).

Forevery t € [-T.,T.],1 — n. C (=00, —1), I1F || 2 gy < Ke—lvl—elt|

So we gain
e\l =7 2 S e—é—’ys|t| << Kelt
e =n)Fll o gy < K

IS[)| 2y < Keze el

(3.15) is just from integration of the formula of (3.14).

This finishes the second proof of Proposition 3.
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