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Abstract: Generalized Nonlinear Schrödinger equation is one of the most famous model equations in nonlinear science. Today we obtain some solitary wave solutions in the generalized nonlinear Schrödinger equation.
In different region, we find that this equation admits different form of solutions, including such as peaked
waves, looped and cusped waves.
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1

Introduction

In this paper, we study the generalized nonlinear Schrödinger equation
iut + (u|u|n−1 )xx + µu|u|m−1 = 0,

(1)

which is an important model and the generalized type can describe more complicate situations [1-17]. So it is meaningful
to study the generalized equation. In Ref. [2], the solitary wave solutions are studied for the generalized equation (1) in
the special condition, that is µa < 0.
Our method is an improvement of the work in [5]. The method in [5] can deal with the existence of solutions to a
type of nonlinear PDEs. After integration, these equation has a term like P (φ) = φ2 (bφ2 + cφ + d). Solutions would be
determined by analyzing the zeros of P (φ). While in our work, the polynomial form is P (φ) = φ2 (aφ3 + bφ2 + cφ + d)
and the situation of zeros is more complicated. So the previous method in [20] does not work well. We solve the problem
by checking the sign of some function values at selected points.
The purpose of our paper is to study the solitary wave solutions of equation (1) when µa > 0. Furthermore, we want
to find the different form of the solitary waves for the generalized nonlinear Schrödinger equation.

2

Different solitary wave of equation (1)

By using the transformation u(x, t) = ϕ(x)eiσt , equation (1) has the form
−σϕ + ϕxx + 2aϕ2x + 2aϕϕxx + µϕ3 = 0.

(2)

Equation (2) also has the following form
dy
σϕ − 2ay 2 − µϕ3
=
.
dx
1 + 2aϕ

(3)

−ϕ2 (24µaϕ3 + 15µϕ2 − 40aσϕ − 30σ)
.
30(1 + aϕ)2

(4)

dϕ
= y,
dx
After the first integral, we have
ϕ2x = F (ϕ) =
∗ Corresponding
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Defining P (ϕ) and G(ϕ) by P (ϕ) = ϕ2 G(ϕ), we have
G(ϕ) = −(24µaϕ3 + 15µϕ2 − 40aσϕ − 30σ),
and

G′ (ϕ) = −(72µaϕ2 + 30µϕ − 40aσ).

Defining ∆ = 225µ2 + 2880a2 µσ and
√
15
225µ2 + 2880a2 µσ
ϕm = −
+
,
72a
72µa

15
ϕn = −
−
72a

√
225µ2 + 2880a2 µσ
,
72µa

where ϕm and ϕn are the roots of G′ (ϕ) = 0.
Lemma 1 The qualitative behavior of solutions of ϕ2x = F (ϕ) near points where F has a zero or a pole is as follows.
(1)If F (ϕ) has a simple zero at ϕ = m, that is F (ϕ) = (ϕ − m)G(ϕ).
Then
ϕ2x = (ϕ − m)F ′ (m) + O((ϕ − m)2 )

as

ϕ → m.

(5)

Hence
ϕ(x) ∼ m + λ((x − x0 )2 )

as

x → x0 ,

where λ is some constant.
Moreover, periodic smooth solutions exist if F (ϕ)has two simple zeros z1 , z2 and F (ϕ) > 0 for z1 < ϕ < z2 ,
z1 = min ϕ(x), z2 = max ϕ(x) and − a1 ∈
/ (z1 , z2 ).
x∈R

x∈R

(2) If F (ϕ) has a double zero at ϕ = m, that is F (ϕ) = (ϕ − m)2 G(ϕ).
Then
ϕ2x = (ϕ − m)2 F ′′ (m) + O((ϕ − m)3 ) as

ϕ → m.

(6)

Hence
ϕ(x) ∼ m + η exp(− |x|)

as

x→∞

f orsomeconstant

η.

Moreover, smooth solitary wave solutions exist if F (ϕ) has a simple zero z1 , a double zero z2 and F (ϕ) > 0 for
z1 < ϕ < z2 , z1 = min ϕ(x), z2 = max ϕ(x) and − a1 ∈
/ (z1 , z2 ), where ϕ → z2 exponentially as x → ±∞.
x∈R

x∈R

Similar to the analysis in Ref[2], we have the following results.
(1) ∆ < 0.
(i) If G(0) < 0, we can obtain that the value of ϕ1 is less than zero (see Fig.1.a(i)), there exists a cusped periodic wave
solution pointing downwards.
(ii) If G(0) > 0, we can observe that the value of ϕ1 is greater than zero (see Fig.1.a(ii)), there exists a cusped wave
solution pointing downwards, a solitary wave solution, a looped wave and a cusped wave solution.
(2) ∆ = 0.
In this case, we deduce ϕm = ϕn , and we will consider two subcases.
Case 1. G(ϕn ) ̸= 0.
(i) If G(0) < 0, we can obtain the value of ϕ1 is less than zero (see Fig.2.a(i)), there exists a cusped periodic wave solution
pointing downwards.
(ii) If G(0) > 0, we can observe that the value of ϕ1 is greater than zero (see Fig.2.a(ii)), there exists a cusped wave
solution pointing downwards, a solitary wave solution, a looped wave and a cusped wave solution.
Case 2. G(ϕn ) = 0.
(i) If G(0) < 0, we can obtain a > 0 and the value of ϕn is less than zero (see Fig.2.b(i)), there exists a cusped periodic
wave solution pointing downwards.
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Figure 1: The graph of P (φ) as ∆ < 0

Figure 2: The graph of P (φ) as∆ = 0

(ii) If G(0) > 0, we get a < 0 and the value of ϕn is greater than zero (see Fig.2.b(ii)), there exists a looped wave solution,
a peaked wave and a solitary wave solution.
(3) ∆ > 0.
Case 1. G(ϕm ) > 0 and G(ϕn ) > 0.
(i) If G(0) < 0, we can deduce that a > 0 for ϕm < 0 and the value of ϕ1 is less than zero (see Fig.3.a(i)), there exists a
cusped periodic wave solution pointing downwards.
(ii) If G(0) > 0, we can deduce that the value of ϕ1 is greater than zero (see Fig.3.a(ii)), there exists a cusped wave
solution, a solitary wave and a looped wave solution.
Case 2. G(ϕm ) > 0 and G(ϕn ) = 0.
(i) If G(0) < 0, we can get a > 0 for ϕm and ϕ1 (see Fig.3.b(i)), there exists a cusped wave solution pointing downwards,
a solitary wave solutiona peaked periodic wave solution pointing down wardsa looped wave and a cusped wave solution.
(ii) If ϕn < 0 and G(0) > 0, we can get ϕ1 (see Fig.3.b(ii)), there exists a cusped wave solution pointing downwards,
a double kink-like wave solution, a peaked wave solution pointing downwards, a butterfly-like wave solution, a solitary
wave solution, a looped wave and a cusped wave solution. ϕ2 , ϕ3 , ϕm .
(iii) If ϕn < 0, we can get 0 < ϕ < ϕ1 and a < 0 (see Fig.3.b(iii)), there exists a butterfly-like wave solution, a solitary
wave solution, a peaked wave solution, a peaked periodic wave solution pointing downwards, a double kink-like wave
solution, a looped wave and a cusped wave solution.
Case 3. G(ϕm ) > 0 and G(ϕn ) < 0.
(i) If G(0) < 0 and ϕm < 0,it is easy to find that all the three simple zeros are less than zero and a > 0 (see Fig.3.c(i)),
there exists a cusped periodic wave solution pointing downwards, a periodic wave solution, a looped periodic wave and a
cusped periodic wave solution.
(ii) If ϕn < 0 and G(0) > 0, it is easy to find that only one of the three simple zeros is on the right of the point ϕ and others
left (see Fig.3.c(ii)), there exists a cusped periodic wave solution pointing downwards, a solitary wave solution pointing
downwards, a cusped wave solution pointing downwards, a rotated looped wave solution, a solitary wave solution, a
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Figure 3: The graph of P (φ) as ∆ > 0.

looped wave and a cusped wave solution.
(iii) If ϕm > 0 and G(0) < 0, it is easy to find that two simple zero on the right of the point ϕ = 0 and others left (see
Fig.3.c(iii)), there exists a cusped periodic wave solution pointing downwards, a periodic wave solution, a cusped periodic
wave and a looped periodic wave solution.
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(iv) If ϕn > 0 and G(0) > 0, it is easy to find that all the three simple zeros are on the right of the point zero and
a < 0 (see Fig.3.c(iv)), there exists a looped wave solution, a cusped wave solution, a solitary wave solution, a periodic
wave solution, a cusped periodic wave solution pointing downwards, a looped periodic wave and a cusped periodic wave
solution.
Case 4. G(ϕm ) = 0 and G(ϕn ) < 0
(i) If G(0) < 0, we can get a > 0 and ϕ1 < ϕm < 0 (see Fig.3.d(i)), there exists a cusped periodic wave solution pointing
downwards.
(ii) If G(0) > 0, we can get ϕ1 < 0 < ϕn (see Fig.3.d(ii)), there exists a looped wave solution, a cusped wave and a
solitary wave solution.
Case 5. G(ϕm ) < 0 and G(ϕn ) < 0.
(i) If G(0) < 0, it is easy to find that ϕ1 < 0 (Fig.3.e(i)), there exists a cusped periodic wave solution pointing downwards.
(ii) If G(0) > 0, it is easy to find that a < 0 for ϕn > 0, and ϕ1 (see Fig.3.e(ii)), there exists a looped wave solution, a
cusped wave and a solitary wave solution.

3

Conclusions

By an improved method, we obtain some solitary wave solutions in the generalized nonlinear Schrödinger equation.
Those solutions include looped wave solutions, cusped wave solutions, peaked wave solutions, double kinked waves and
butterfly-like waves. Based on the study, it might be concluded that the improved method is useful and efficient. It can be
widely applied to other nonlinear wave equations.
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