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Abstract:Weighted Koch networks are constructed based on the classic Koch networks. For weight-dependent
walk in the weighted scale-free Koch networks, a walker chooses one of its nearest neighbors with probability
proportional to the weight of edge linking them. The exact expressions of the average receiving time (ART),
which is, the average of mean first-passage time (MFPT) for walks to a given hub node (node with maximum
degree), averaged over all starting points in the weighted Koch networks is derived.
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1

Introduction

After twenty years of vigorous development, networks have become an interdisciplinary research area.Most special issues
of complex network have been published on authoritative journals in different science fields such as physics [1], computer
science [2], control science [3], management science [4], which exhibit the wide application of complex network in
different subjects.
There are various classes of networks such as small-world networks and scale-free networks. Many researches are
based on unweighted networks.Some of them studied the topological structure and some talked about the dynamic process
on networks. In fact, different nodes and different links have different features and their differences shouldn’t be ignored.
For example, in air transport networks, airports are nodes and the links between any couple of airports are the links in
the networks. Even if airport A and B both have ten airports connected to, airport A should be stronger than B when A
is linked to a hub airport and B is linked to local airports. Here, A and B have the same degree and precisely different
transport capacity. Actually, there are so many similar situations such as highway network, power grids and the Internet.
Therefore we should realize that researches on weighted networks is absolutely indispensable. To remedy the defect of
unweighted networks, there also comes some papers talked about the weighted networks. They are thinking about how to
construct the weighted and the topological structure of it. However, there are rare research about the dynamic process on
weighted. This paper designs a new network model, which is weighted. The walker on it will take steps with probabilities,
and then this process will be more complicated.
The interesting structure of Koch networks strongly attracted us. Then we try to weight the networks and investigate
its characteristics. Our work is to introduce the structure of the weighted Koch networks. Then the average receiving time
(ART)( i.e., the average of a walker to a given hub node, averaged over all source points in average of MFPTs from a hub
node to any other node) is investigated. Finally a conclusion is given in the last section.

2

The weighted Koch networks

This section mainly describes the construction of the weighted Koch networks.
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First of all, several basic quantities are introduced. In general terms, weighted networks are an extension of the concept
of the networks or graphs [5, 6], in which each edge between nodes i and j is associated with variable wij , called the
weight. The strength of node i is defined as
∑

si =

wij ,

j∈Γ(i)

where Γ(i) the set of neighbors of node i.
Intuited by Koch networks [7, 8] and weighed Fractal networks [9], we built weighted Koch networks in an iterative
way. A positive real number 0 < r < 1 is needed. Denoted by Gm,t the weighted Koch networks after t iterations. Then,
the weighted Koch networks are created in the following way: Initially (t = 0), Gm,0 consists of three nodes and three
edges with unit weight forming a triangle. Denoted by node i (i = 1, 2, 3) the three nodes in Gm,0 . For t ≥ 1, Gm,t+1
1,1
2,1
2,m
3,1
3,m
may be obtained as follows: let Gm,t
, · · · , G1,m
m,t ; Gm,t , · · · , Gm,t ; Gm,t , · · · , Gm,t be 3m copies of Gm,t , while their
weighted edges have been scaled by a factor r. Denote by ai,j one of the three hub nodes of Gi,j
m,t (i = 1, 2, 3; 1 ≤ j ≤ m).
Then merge nodes ai,j (j = 1, · · · , m) to node i into a single new node, which is then one of the three hub nodes of
Gm,t+1 . Fig.1 shows the iterative construction method for the weighted Koch networks. Fig.2 illustrates the iterations of
the weighted Koch network corresponding to m = 1 with the concrete step.

Figure 1: Iterative construction method for the weighted Koch networks.

Here, some notes and quantities used in the following section are listed. In the construction process, obviously, the
number of triangles L△ (t) presenting at iteration t is L△ (t) = (3m + 1)t , and the number of nodes generated at iteration
t is Lv (t) = 6mL△ (t − 1) = 6m(3m + 1)t−1 . Then, the numbers of edges and nodes in Gm , t are
Et = 3L△ (t) = 3(3m + 1)t
and
Nt =

t
∑

Lv (ti ) = 2(3m + 1)t + 1,

ti =0

respectively (see [10]).

3

ART on weighted Koch networks

In this section, we will investigate the ART and show how it scales with network order.
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Figure 2: When m = 1, for the next iteration, three copies of G1,0 (or G1,1 of the second iteration) generate first, with their
weighted edges have been scaled by a factor r. Then choose one of the three hub nodes of every copies as a1,1 , a2,1 , a3,1 .
Finally, merge node a1,1 , a2,1 , a3,1 to node 1, 2, 3, separately. In this picture we give the concrete step of the weighted
Koch network from generation 0 to generation 2.

We proceed to study weighted-dependent walks on Gm,t . At each step the walker starting from a given node i, moves
to its neighbor node j with probability pw
i→j (see Eq. (1)). The transition probability from node i to its neighbor j is
pw
i→j =

wij
=
si

w
∑ ij .
wij

(1)

j∈Γ(i)

To facilitate the description, we label all the nodes in Gm,t . The three hub nodes have labels 1, 2, 3, and the others are
labeled 4, 5, · · · , Nt .
Let Fi,j (t) express the MFPT for a walker moving from node i to node j. For convenience, let Fi (t) be the MFPT
from node i to the trap located on the hub node 1. ⟨F ⟩t is the ART, which is defined as the average of Fi (t) over all
starting nodes other than the trap. We will establish the scaling relation between ⟨F ⟩t and the generation t.

3.1

Scaling evolution rule for MFPT

Consider an arbitrary node i in Gm,t . The strength of node i is denoted by S in Gm,t . Then the strength of node i in
Gm,t+1 is (1 + mr)S. Denote by X the MFPT from node i to any of its old neighbors belong to Gm,t , and denote by Y
MFPT for a walker starting from any of its new neighbors created at iteration t + 1 to one of its old neighboring nodes
previously existing before iteration t + 1. Then the following simultaneous equations hold:
{
S
mrS
X = (1+mr)S
+ (1+mr)S
(1 + Y ),
1
1
Y = 2 (1 + X) + 2 (1 + Y ),
which result in X = 3mr + 1. Thus, when the networks grow from generation t to t + 1, the MFPT from any node i
(i ∈ Gm,t ) to any node j (j ∈ Gm,t ) increases on average 3mr + 1 times, namely,
Fij (t + 1) = (3mr + 1)Fij (t).
Under the effect of parameter r, this result is different from the unweighted networks[10]. Considering the initial condition
F2 (0) = 2, we get
F2 (t) = (3mr + 1)F2 (t − 1),
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and finally
F2 (t) = 2(3mr + 1)t .

3.2

(3)

Analytical solution for ART

By definition, the ART presented by ⟨F ⟩t , is given by
⟨F ⟩t =

1
Ftot (t),
Nt − 1

where Ftot (t) is the sum of MFPTs for all nodes getting to the trap, i.e.,
Ftot (t) =

Nt
∑

Fi (t),

i=2

Thus, the problem of determining ⟨F ⟩t is reduced to find Ftot (t).
As we introduced before, Gm,t was built by merging four groups. We could also put the construction another way
that Gm,t can be regarded as merging 3mt + 1 groups. First, we find that the nodes and links generated by node i (named
part i) are formed by m same parts. Interestingly, every group has t similar pieces, whose structures are also similar to
i,j,k
Gk , (0 ≤ k ≤ t − 1). Sequentially we denote them by G0,0,0
m,t , Gm,t , (i = 1, 2, 3; 1 ≤ j ≤ m; 0 ≤ k ≤ t − 1). The
3mt + 1 groups are obtained as follows:
i,j,k
G0,0,0
m,t is the triangle which includes node 1, 2, 3 and the three edges with unit weight; Gm,t linked to the hub node
i(i = 1, 2, 3) is a copy of Gi,j
m,k (k = 0, 1, · · · , t − 1), whose weighted edges have been scaled by a factor r. Figs. 3 and 4
state the special division of the weighted Koch network of G1 and G2 while m = 2.

Figure 3: G1 is regarded as merging 7 groups corresponding to m = 2.

After the division, we could rewrite the sum Ftot (t) as
Ftot (t) =

=

m

t−1
∑

t−1
t−1
( ∑
( ∑
1
1
Ftot (i) + m
Ftot (i) + Nt F2 (t)) + m
Ftot (i) + Nt F3 (t))
3
3
i=0
i=0
i=0

3m

t−1
∑

2
Ftot (i) + Nt F2 (t).
3
i=0
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Figure 4: G2 is regarded as merging 13 groups corresponding to m = 2.

The walker on part i(i = 2, 3), the number of whose nodes are 13 Nt , would inevitably first arrive node i before it get to
node 1 and then starting from node i to node 1 with time Fi (t), (i = 2, 3).
Using Eq. (3) and the initial condition Ftot (0) = 4, we can solve Eq. (4) to get
Ftot (t)

=

8
4r
[(3m + 1)(3mr + 1) − 1](3m + 1)t−1 × (3mr + 1)t +
(3mr + 1)t
9mr
3(r − 1)
(
)
8
4
−
−
× (3m + 1)t .
3r(3m + 1) 3(1 − r)

Hence, ⟨F ⟩t , which we are focused on, can be solved:
⟨F ⟩t

=
+

Ftot (t)
Ftot (t)
4[(3m + 1)(3mr + 1) − 1]
=
=
(3mr + 1)t
Nt − 1
2(3m + 1)t
9mr(3m + 1)
2r ( 3mr + 1 )t
4m
2
−
+
.
3(r − 1) 3m + 1
3mr(3m + 1) 3(1 − r)

If m = 1, we find that
⟨F ⟩t =

)t
4r + 1 (
3r + 1 t
3r − 1
2r
+
(
),
3r + 1 −
3r(1 − r)
3r
3 − 3r
4

which coincides with the ⟨F ⟩t in [9].
For the systems with large order, i.e., t → ∞,
⟨F

⟩t ≈

4[(3m + 1)(3mr + 1) − 1] ( Nt − 1 )log3m+1 (3mr+1)
×
.
9mr(3m + 1)
2

This confirms that in the large t limit, the ART grows as a power-law function of the network order with the exponent,
represented by θ1 (r) = log3m+1 (3mr + 1), being an increasing function of r. When r grows from 0 to 1, the exponent
increases from 0 and approaches 1, indicating that ART grows sublinearly (0 < r < 1) with the network order. This also
means that the efficiency of the trapping process depends on the parameter r: the smaller the value of r, the more efficient
the trapping process is.
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Conclusion

In this paper, we have studied weighted-dependent on weighted Koch network family and presented techniques to determine the exact solution to the ART. We used a special method to divide the graph in order to calculate the ART
conveniently. ART exhibits a sublinear dependence on network order (0 < r < 1), which indicates that hub nodes are
very efficient in receiving information if one looks upon the random walks as an information messenger.
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