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Abstract: In this paper, we use the governing equations of the curve geometric variables to explore the
geometric evolution characteristics of the plane curve flow, and obtain the description and characterization of
the related geometric quantity properties. The overall evolution law and characteristics of the plane closed
curve flow are obtained by the distance from the outer point of the curve to the curve. The finite result of
the overall evolution velocity of the plane simple closed curve is obtained. By the geometric estimation of
the curvature of the plane closed convex curve, the boundedness of the curvature of the plane simple closed
convex curve, the monotonicity of the curvature velocity in the time interval and the convexity of the curvature
in the time interval are obtained.
Keywords: Plane curve flow; Curvature evolution; Geometric variable; Global evolution; Geometric estima-
tion; Concavity

1 Introduction
Based on the needs of physical phenomena and real-world problems, the curves and surfaces are affected by external forces
to produce the corresponding flow properties, which are getting more and more attention and research. Among them, the
curve shrinkage flow is one of its typical problems. In 1984, when Gage [1] investigated the Plane curve contraction flow

∂X

∂t
= k(u, t)N(k(u, t)),

X(u, 0) = X0(u, 0),
(1)

where κ is the Gaussian curvature at the point (u, t) on the curve and N is the corresponding internal normal vector. They
obtained a geodesic equation as follows: When the initial curve is a convex flat simple closed curve, the curve flow (1)
will always remain convex during the evolution and shrink into points in a limited time. In 1986, Gage [2, 3] discussed
the plane preservation area curve flow 

∂X

∂t
= (k(u, t)− 2π

L
)N(u, t),

X(u, 0) = X0(u, 0),
(2)

where κ is the Gaussian curvature at the point (u, t) on the curve and N is the corresponding internal normal vector.
They obtained a geodesic equation as follows: If the initial curve is convex, the curve flow will remain convex during

the evolution until it eventually becomes a circle of radius
√

A0

π . In 2002, White [4] discussed the average curvature
flow which describes the properties of curvature flow evolution, smoothness, arc length expansion, and collision-free flow
(the two initially disjoint curves must remain disjoint). In 2006, evolution of curves on a surface driven by the geodesic
curvature and external force was studied by Mikula [5], several computational examples of evolution of surface curves
driven by the geodesic curvature and external force on various surfaces are presented in this article. Also discuss a link
between the geodesic flow and the edge detection problem arising from the image segmentation theory. In 2013, a new
area-preserving curvature flow of planar closed-convex curves was studied by Wang et al. [6]

∂X

∂t
= (κn(u, t)− 1

L

∮
κn(u, t) ds)N(u, t),

X(s, 0) = X0(u, 0).

(3)
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In 2014, Centro–affine curvature flows on centrally symmetric convex curves was discussed by Ivaki and Mohammad. The
author show that, under any p-contracting flow, the evolving curves shrink to a point in finite time and the only homothetic
solutions of the flow are ellipses centered at the origin [7].

For the study of curve flow, similar work such as [8–11]. This paper mainly considers the following simple closed
curve telescopic flow X(s, t) : S1 → R2, where T is the unit tangent vector, N is the unit internal normal vector, and X0

is the plane simple closed curve given by t = 0. Let

g(u, t) :=

∣∣∣∣∂X∂t
∣∣∣∣ = [x2

s + y2s ]
1/2

denote the length along the curve. The arc-length parameter s(u, t) is then defined as

s(u, t) :=

∫ u

0

g(ξ, t) dξ.

Tangent, normal, curvature, angle, arc length, and area are defined by standard methods, i.e.,

T :=
∂X

∂s
=

1

g

∂X

∂u
, κ :=

∣∣∣∣∂T∂s
∣∣∣∣ = 1

g

∣∣∣∣∂T∂u
∣∣∣∣ ,

N :=
1

κ

∂T

∂u
, θ := ∠(T, x),

L(u, t) :=

∫ 2π

0

g(u, t) du, A(u, t) :=
1

2

∫ 2π

0

(xdx− ydy) =
1

2
⟨X,N⟩ ds,

denote the total absolute Gaussian curvature,

κ̄(u, t) :=

∫ 2π

0

|κ(u, t)| g(u, t) du.

The evolution equation of the metric g, angle θ, arc length L, and area A, curvature κ corresponding to the curve flow
(1.3) [3]:

∂g

∂t
= αu − βκ, (4)

∂θ

∂t
=

1

g
[αu + ακ], (5)

∂L

∂t
= −

∫ 2π

0

βκdu, (6)

∂A

∂t
= −

∫ 2π

0

βgdu, (7)

∂κ

∂t
= κ2 ∂

2β

∂θ2
+ βκ2. (8)

2 Geometric properties of arc length, area, and total absolute Gaussian cur-
vature

From Eqs.(7)-(9), it can be seen that the evolution governing equation of L, A, κ does not depend on the component of
Xt on the tangent line. In addition, the deformation of the curve flow is constrained by the local geometric properties
of the curve, i.e., β should be a function of curvature [3]. Therefore, we consider the case of α(u, t) = 0. Assume that
Xt = X(., t) is a C2-classical solution on some interval [0, t′)(t′ < ∞), i.e.,

∂X

∂t
= β(κ(u, t))N(u, t),

X(s, 0) = X0(u, 0).
(9)

Suppose β is a positive smooth function of κ for |κ| ≤ C and ∂nβ
∂κn , n = 1, · · · , 4. Let a = inf |βκ(u,0)|

κ(u,0) , b = sup |βκ(u,0)|
κ(u,0) .

Obviously a ≤ b; b = inf β(κ(u,0))
κ(u,0) , d = inf β(κ(u,0))

κ(u,0) , c ≤ d.
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Lemma 1 ∂i
κβκ(κ(u, t)) i = 1, · · · , 4 is bounded, for ∀(θ, t) ∈ [0, t′)(t′ < ∞).

Proof. We have βκ(κ(u, t)) ∈ C4(Ω), where Ω = {κ||κ| ≤ C}. Obviously, Ω is a bounded closed region. There is a
constant C̃ so that |βκ(κ(u, t))| ≤ C̃. In the same way, the boundedness of ∂i

κβκ(κ(u, t)) i = 1, · · · , 4 can be obtained.

Lemma 2 Let κmin(θ, t) = infκ(θ, t), 0 ≤ θ ≤ 2π, then, κmin(θ, t) is non-decreasing in interval [0, t′)(t′ < ∞), for
∀θ ∈ (0, 2π).

Proof. We have,
∂κ

∂t
=

∂2β

∂κ2

∂κ

∂θ

2

k2 +
∂β

∂κ

∂2κ

∂theta2
κ2 + βκ2. (10)

The counter proof method assumes that κmin(θ, t) is a increase function in the interval [0, t′)(t′ < ∞), for ∀θ ∈
(0, 2π). That is, there is t, so that κmin(θ, t) ≤ κmin(θ, 0). So, there is ε > 0, so that κmin(t) = κmin(0) − ε. Let
t0 = inf{t|κmin(t) = κmin(0)− ε} , by the continuity of κ, we can obtain the minimum value at the point (θ0, t0) where

∂κ

∂t
≤ 0,

∂2κ

∂θ2
≥ 0, κ(θ0, t0) > 0.

This is a contradiction with Eq.(2), then κmin(θ, t) is non-decreasing on interval [0, t′)(t′ < ∞) for ∀θ ∈ (0, 2π).

Theorem 3 If κ(θ, 0) > 0, then κ(θ, t) > 0, for ∀(θ, t) ∈ (0, 2π)× [0, t′)(t′ < ∞).

Proof. From Lemma 2, we have κmin(θ, t) is non-decreasing in interval [0, t′)(t′ < ∞), for ∀θ ∈ (0, 2π), then
κ(θ, t) ≥ κmin(θ, t) ≥ κmin(θ, 0) > 0, i.e., If the curve has a convex initial condition, then the curve remains convex
during the evolution process.

Lemma 4 Assume X(u, t) is the solution of , and interval [0, t′)(t′ < ∞), then,

−2πM ≤ Lt ≤ −2πm.

Proof. β is a positive smooth function of κ for |κ| ≤ C,so m ≤ β(κ) ≤ M , then,

−M

∫ 2π

0

κdu ≤
∫ 2π

0

βκdu ≤ −m

∫ 2π

0

κdu.

That is,
−2πM ≤ Lt ≤ −2πm.

Theorem 5 Assume X(u, t) a family of solutions with a convex initial value curve (10), if βκ ≤ aκ, then Lt monotonically
decreases in time interval [0, t′)(t′ < ∞).

Proof.

∂2L

∂t2
= − ∂

∂t

∫ 2π

0

βκgdu,

= −
∫ 2π

0

(βtκg + βκtg + βκgt)du

= −
∫ L(t)

0

βκ(βss + βκ2)κs−
∫ L(t)

0

β(βss + βκ2)κs−
∫ L(t)

0

β2κ2ds

= − βκβsκ|L(t)
0 +

∫ L(t)

0

βsβκskds+

∫ L(t)

0

β2
sds−

∫ L(t)

0

βkβκ
3ds

− ββs|L(t)
0 +

∫ L(t)

0

β2
sds

=

∫ L(t)

0

βκκsβκskds+ 2

∫ L(t)

0

β2
sds−

∫ L(t)

0

βkβκ
3ds,
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we have β > 0, βκ > 0, then,

∂2L

∂t2
≤

∫ L(t)

0

(βκκsβκs
κ+ 2β2

κκ
2
s)ds

=

∫ L(t)

0

β2
κκ

2
s(
βκsκ

βκκs
+ 2)ds.

From Theorem 3, it can be seen that when the initial curve is a convex curve, the curve will remain convex all the time,
i.e., κ > 0. The following applies the counter-evidence method,assume βκ ≤ aκ and βκsκ

βκκs
+2 ≥ 0. βκ ≥ C1κ is obtained

by solving βκsκ
βκκs

+2 ≥ 0, so that βκ(κ(s, 0)) ≥ C1κ(s, 0); so, C1 ≥ b, i.e., when βκsκ
βκκs

+2 ≥ 0,βκ ≥ C1κ(C1 ≥ b). This

contradicts βκ ≤ aκ. So if βκ ≤ aκ, then βκsκ
βκκs

+ 2 ≥ 0, that is Lt monotonously decreases in interval [0, t′)(t′ < ∞),
and the velocity of curve length is decreasing in interval [0, t′)(t′ < ∞).

Lemma 6 Assume X(u, t) is the solution of (10), and interval [0, t′)(t′ < ∞), then,

−ML(t) ≤ At ≤ −mL(t).

Proof. We have
∂A

∂t
=

∫
0

2πβgdu,

then,

−M

∫
0

2πgdu ≤ At ≤ −m

∫
0

2πgdu.

That is,
−ML(t) ≤ At ≤ −mL(t).

Theorem 7 Assume X(u, t) are a family of solutions with a convex initial value curve (10), if βκ ≤ dκ. Then At

monotonically decreases in time interval [0, t′)(t′ < ∞).

Proof.

∂2A

∂t2
=

∂

∂t

∫ L(t)

0

β −
∫ L(t)

0

βκβκ
2ds+

∫ L(t)

0

β2κds,

since β > 0, βκ > 0, βκκ > 0, then,

∂2A

∂t2
≤

∫ L(t)

0

β2κds− 1

2

∫ L(t)

0

βκβκ
2ds

=

∫ L(t)

0

(β2κ2)(
1

κ
− βκ

β
)ds.

Similar to Theorem 5, use the counter-evidence method. If β > dκ, then At monotonically decreases in the interval
[0, t′)(t′ < ∞), that is, the rate of change of the area is decreasing in the interval [0, t′)(t′ < ∞).

Lemma 8 Assume X(u, t) are a family of solutions with a convex initial value curve (10), then,

κ̄(t) = κ̄(0) = 2π.

Proof. For convex curves, we have,

∂κ̄

∂t
=

∂

∂t

∫ 2π

0

κgdu =

∫ 2π

0

(κtg + κgt)du

=

∫ L(t)

0

(βss + βκ2)ds−
∫ L(t)

0

βκ2ds

= βs |2π0 = 0.
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So,
κ̄(t) = κ̄(0) = 2π.

Lemma 9 Assume X(u, t) is the solution of (10), and interval [0, t′)(t′ < ∞), then,

κ̄(t) ≥ κ̄(0).

Proof. Define,

q̂(t) :=

∫ 2π

0

q(κ(u, t))g(u, t)du,

where q is the piecewise smooth convex approximation of f(x) = |x| given by

q(x) =


|x| if x ≥ 1

n
,

1

2n
+

n

2
x2 if x ≤ 1

n
,

then,

qt(t) =

∫ 2π

0

qκ(κ)κtgdu+

∫ 2π

0

qκ(κ)gtdu

=

∫ L(t)

0

qκβssds+

∫ 2π

0

qκβκ
2du−

∫ 2π

0

q(κ)βκgdu

= qκ(κ)βs |L(t)
0 −

∫ L(t)

0

qκκβsκsds−
∫ 2π

0

[q(κ)− κqκ(κ)](βκg)du

= −
∫ 2π

0

qκκβκ(κs)
2ds−

∫ 2π

0

[q(κ)− κqκ(κ)](βκg)du.

Since βκ > 0, and convexity of q requires qκκ < 0, we have

qt(t) ≤ −
∫ 2π

0

[q(κ)− κqκ(κ)](βκg)du.

Note that,
κ̄(t) ≤ q̂(t),

so that a bound on q̂ is a bound on κ̄. Moreover, we have that

0 ≤ q(x)− xq′(x) ≤


0 if x ≥ 1

n
,

1

2n
if x ≤ 1

n
.

Now since β(κ)κ ≤ M , and [q(κ)− xqκ(κ)] ≥ 0, then,

q′(t) ≥ −M

∫ 2π

0

[q(κ)− xqκ(κ)]κgdu

≥ −M
1

2n

∫ 2π

0

κgdu

≥ −M

2n
2π = −πM

n
.

Therefore, q̂′(t)
q̂(t) ≥ − πM

nκ̄(t) , i.e., q̂′(t) ≥ e−
M
2n

∫ t
0

L(t)
κ̄(t)

dt′ q̂(0) as n → ∞, so that,

q̂(t) → κ̄(t), q̂(t) ≥ q̂(0),

so κ̄(t) ≥ κ̄(0) .
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3 Discussion on the increase and decrease of curvature speed

Lemma 10 For ∀θ ∈ (0, 2π), there is a constant C̃, and in the interval [0, t′)(t′ < ∞), κθ(θ, t) grows exponentially at
most.

Proof.

∂2κ

∂θ∂t
=

∂

∂θ
(βθθκ

2 + βκ2)

= βθθθκ
2 + 2βθθκκθ + βθκ

2 + 2βκκθ

= βκκκ(κθ)
3κ2 + 3βκκκ

2κθκθθ + βκκκ(κθ)
3 + βκκ

2κθθθ

+ 2βκκκθκθθ + βκκ
2κθ + 2βκκθ,

(11)

let w(θ, t) = eµtκθ(θ, t), then

∂w

∂t
= (µ+ βκκ

2 + 2βκ)w + (βκκκκ
2e−2µt + 2βκκκe

−2µt)w3

+ (3βκκκ
2e−µt + 2βκκe

−µt)wθw + βκκ
2wθθ,

(12)

when κθ(θ, 0) ≤ 0. Suppose w(θ, t) is a decreasing function in interval [0, t′)(t′ < ∞), for ∀θ ∈ (0, 2π), let wmin(t) =
inf{w(θ, t) : 0 ≤ θ ≤ 2π}. Suppose there is a η, where η < wmin(θ, 0) = κθmin(θ, 0) ≤ 0, there is a certain point t, so
that wmin(t) = η, assume t∗ = inf t : wmin = η, then, the continuity of w assures that this minimum η is achieved for the
first time at (θ∗, t∗), and at this point

∂w

∂t
≤ 0,

∂2w

∂θ2
≥ 0,

∂w

∂θ
= 0, and w = η < 0.

From Lemma 1, the boundedness of ∂i
κβκ(κ(u, t)) i = 1, · · · , 4 and the boundedness of curvature κ, we can obtain

∂w
∂t ≥ µη + C2η + C3η

3, where C2 = sup(βκκ
2 + 2βκ), C3 = sup(βκκκκ

2 + 2βκκκ), let µ ≤ −C2 − C3η
2,

this contradicts from (13), i.e., for ∀(θ, t) ∈ (0, 2π) × [0, t′)(t′ < ∞), so that wmin min(θ, t) ≥ wmin(θ, 0), that is
κθ(θ, t) ≥ κθmin(θ, 0)e

−µt, then obtain κθ(θ, t) ≥ κθmin(θ, 0). When κθ(θ, 0) ≤ 0, suppose w(θ, t) is a decreasing
function in interval [0, t′)(t′ < ∞), for ∀θ ∈ (0, 2π), let wmin(t) = inf{w(θ, t) : 0 ≤ θ ≤ 2π}. Suppose there is a η,
where η < wmin(θ, 0) = κθmin(θ, 0) ≤ 0, there is a certain point t, so that wmin(t) = η, assume t∗ = inf t : wmin = η,
then, the continuity of W assures that this minimum η is achieved for the first time at (θ∗, t∗), and at this point

∂w

∂t
≤ 0,

∂2w

∂θ2
≥ 0,

∂w

∂θ
= 0, and w = η < 0.

From Lemma 1, the boundedness of ∂i
κβκ(κ(u, t)) i = 1, · · · , 4 and the boundedness of curvature κ, we can obtain ∂w

∂t ≥
µη+C2η+C3η

3, where C2 = sup(βκκ
2+2βκ), C3 = sup(βκκκκ

2+2βκκκ), let µ ≤ −C2−C3η
2, this contradicts from

(13), i.e., for ∀(θ, t) ∈ (0, 2π)× [0, t′)(t′ < ∞), so that wmin(θ, t) ≥ wmin(θ, 0), that is κθ(θ, t) ≥ κθmin(θ, 0)e
−µt, then

obtain κθ(θ, t) ≥ κθmin(θ, 0). When κθ(θ, 0) ≥ 0, suppose w(θ, t) is a increasing function in interval [0, t′)(t′ < ∞),
for ∀θ ∈ (0, 2π), let wmax(t) = sup{w(θ, t) : 0 ≤ θ ≤ 2π}, suppose there is a ξ, where ξ ≥ wmax(0) = κmax(0) ≥ 0,
there is a certain point t, so that wmax(t) = ξ, assume t̃ = inf t : wmax = ξ, then, the continuity of w assures that this
minimum ξ is achieved for the first time at (θ̃, t̃), and at this point

∂w

∂t
≥ 0,

∂2w

∂θ2
≤ 0,

∂w

∂θ
= 0, and w = ξ > 0.

From Lemma 1, the boundedness of ∂i
κβκ(κ(u, t)) i = 1, · · · , 4 and the boundedness of curvature κ, we can obtain ∂w

∂t ≥
µη+C ′

2ξ+C ′
3ξ

3, where C ′
2 = sup(βκκ

2+2βκ),C ′
3 = sup(βκκκκ

2+2βκκκ), let µ ≤ −C ′
2−C ′

3ξ
2, this contradicts from

(12), i.e., for ∀(θ, t) ∈ (0, 2π) × [0, t′)(t′ < ∞), so that wmax(θ, t) ≤ wmax(θ, 0), that is κθ(θ, t) ≤ κθmax(θ, 0)e
−µt′ .

This means that κθ grows exponentially at most and remains bounded for a limited time interval.

Theorem 11 When κθ(θ, 0) > 0, for θ ∈ (0, 2π), κθ(θ, t) is non-decreasing in interval [0, t′)(t′ < ∞). When κθ(θ, 0) <
0, κθ(θ, t) is non-increasing in interval [0, t′)(t′ < ∞).
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Proof. The counter-evidence method, when κθ(θ, 0) < 0, for θ ∈ (0, 2π), κθ(θ, t) is an increasing function in the
interval [0, t′)(t′ < ∞). That is, there is a δ, where δ ≥ κθ(θ, 0), so that there is a certain point t, assume t1 = inf{t :
κθ(θ, t) = δ}, from the continuity of κθ assures that this minimum δ is achieved for the first time at (θ1, t1), and at this
point

∂κθ

∂t
≥ 0,

∂3κ

∂θ3
≤ 0,

∂2κ

∂θ2
= 0, and κθ = δ < 0.

This contradicts from (12), i.e., for ∀(θ, t) ∈ (0, 2π) × [0, t′)(t′ < ∞), so that κθ(θ, t) ≤ κθ(θ, 0). Similarly, when
κθ(θ, 0) > 0, for ∀(θ, t) ∈ (0, 2π)× [0, t′)(t′ < ∞), so that κθ(θ, t) ≥ κθ(θ, 0).

4 Discussion of curvature and convexity
Lemma 12 For ∀θ ∈ (0, 2π), there is a constant C∗, and in the interval [0, t′)(t′ < ∞),

|κθθ(θ, t)|LP (0,2π) ≤ C∗, 1 ≤ P < ∞.

Proof. We have

∂

∂t

∫ 2π

0

(κθθ)
4dθ = 4

∫ 2π

0

(κθθ)
3(βθθκ

2 + βκ2)θθdθ

= −12

∫ 2π

0

[(κθθ)
2κ2βθθθ + 2βθθκκθ(κθθ)

2 + βθκ2(κθθ)
2

+ 2βκκθ(κθθ)
2]κθθθdθ

= −12

∫ 2π

0

[βκκκκ
2(κθ)

3(κθθ)
2κθθθ + 3βκκκ

2κθ(κθθ)
3κθθθ

+ βκκ
2(κθθ)

2(κθθθ)
2 + 2βκκκ(κθ)

3(κθθ)
2κθθθ

+ 2βκκκθ(κθθ)
3κθθθ + βκκ

2κθ(κθθ)
2κθθθ + 2βκκθ(κθθ)

2κθθθ]dθ,

and from ab ≤ εa2 + 1
4εb

2, we can obtain∫ 2π

0

βκκκκ
2(κθ)

3(κθθ)
2κθθθdθ ≤ c1

∫ 2π

0

(κθθ)
4dθ + c2

∫ 2π

0

(κθθθ)
2dθ,

3

∫ 2π

0

βκκκ
2κθ(κθθ)

3κθθθ ≤ c3

∫ 2π

0

(κθθ)
4dθ + c4

∫ 2π

0

(κθθ)
2(κθθθ)

2dθ,∫ 2π

0

βκκ
2(κθθ)

2(κθθθ)
2dθ ≤ c5

∫ 2π

0

(κθθ)
2dθ + c6

∫ 2π

0

(κθθ)
2(κθθθ)

2dθ,

2

∫ 2π

0

βκκκ(κθ)
3(κθθ)

2κθθθdθ ≤ c7

∫ 2π

0

(κθθ)
4dθ + c8

∫ 2π

0

(κθθθ)
2dθ,

2

∫ 2π

0

βκκκθ(κθθ)
3κθθθ ≤ c9

∫ 2π

0

(κθθ)
4dθ + c10

∫ 2π

0

(κθθ)
2(κθθθ)

2dθ,∫ 2π

0

βκκ
2κθ(κθθ)

2κθθθ ≤ c11

∫ 2π

0

(κθθ)
4dθ + c12

∫ 2π

0

(κθθ)
2(κθθθ)

2dθ,

βκκθ(κθθ)
2κθθθ]dθ ≤ c13

∫ 2π

0

(κθθ)
2dθ + c14

∫ 2π

0

(κθθ)
2(κθθθ)

2dθ,

and from
∫ 2π

0
(κθθ)

2dθ ≤ 2
√
2π(

∫ 2π

0
(κθθ)

4dθ)
1
2 , we choose the right c1, c2, · · · , c14, we can get

∂

∂t

∫ 2π

0

(κθθ)
4dθ ≤ 12[c′1

∫ 2π

0

(κθθ)
4dθ + c′1

∫ 2π

0

(κθθ)
2dθ]

≤ c′′1

∫ 2π

0

(κθθ)
4dθ + c′′2(

∫ 2π

0

(κθθ)
4dθ)

1
2 .
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By Gronwall Inequality, we can obtain
∫ 2π

0
(κθθ)

4dθ ≤ a0+c′′2
∫ t

0
(
∫ 2π

0
(κθθ)

4dθ)
1
2 dξ, where a0 = ec

′′
1 t

∫ 2π

0
(κθθ(θ, 0))

4dθ.
Counter-evidence, for ∀Q > 0, ∃t0 ≥ 0, so that (

∫ 2π

0
(κθθ)

4dθ)
1
2 dξ > Q, and since∫ 2π

0

(κθθ)
4dθ ≤ a0 + c′′2

∫ t0

0

(

∫ 2π

0

(κθθ)
4dθ)

1
2 dξ ≤ a0 + c′′Q(t0),

this contradicts the arbitrariness of Q, so Q′ exists, so that |κθθ(θ, t)|L4(0,2π) ≤ Q0. Similarly, we can prove that there is
Q′, so that |κθθ(θ, t)|L2(0,2π) ≤ Q′. And by Sobolev embedding theorem,

max |κθθ|2 = ∥κθθ∥2L∞ ≤ ∥κθθ∥2L2 + ∥κθθθ∥2L2

=

∫ 2π

0

(κθθ)
2dθ +

∫ 2π

0

(κθθθ)
2dθ.

Thus κθθ is bounded. Further, it is possible to introduce the existence of a constant C∗, so that |κθθ(θ, t)|LP (0,2π) ≤
C∗, 1 ≤ P < ∞.

Lemma 13 Suppose κθ > 0, for ∀θ ∈ (0, 2π), κθθ grows exponentially at most in the interval [0, t′)(t′ < ∞), and
remains bounded for a limited time interval.

Proof.

∂3κ

∂θ2∂t
=

∂

∂θ
(βκκκκ

2(κθ)
3 + 3βκκκ

2κθκθθ + βκκ
2κθθθ + 2βκκκ(κθ)

3)

= (βκκκκκ
2(κθ)

4 + 6βκκκκ
2(κθ)

2κθθ + 2βκκκκ(κθ)
4 + 3βκκκ

2(κθθ)
2

+ 4βκκκ
2κθκθθθ + 14βκκκ(κθ)

2κθθ + βκκθθθθκ
2 + 4βκκκθκθθθ

+ 2βκκκκ(κθ)
4 + 2βκκ(κθ)

4 + 2βκ(κθ)
2κθθ + 2βκκ(κθθ)

2

+ βκκ(κθ)
2κ2 + βκκθθκ

2 + 4βκ(κθ)
2κ+ 2β(κθ)

2 + 2βκκθθ.

(13)

Let w(θ, t) = eatκθθ(θ, t), then

∂w

∂t
= (a+ 6βκκκκ

2(κθ)
2 + 14βκκκ(κθ)

2 + 2βκ(κθ)
2 + βκκ

2 + 2βκ)w

+ (33βκκκ
2e−at + 2βκκe

−at)w2 + (4βκκκ
2κθ + 4βκκκθ)wθ

+ βκκ
2wθθ + βκκκκκ

2(κθ)
4eat + 4βκκκκ(κθ)

4eat + 22βκκ(κθ)
4eat

+ 4βκ(κθ)
2κeat + 2β(κθ)

2eat.

(14)

Since κθ(θ, 0) > 0, from Theorem 11, κθ(θ, t) > κθ(θ, 0) > 0, for ∀(θ, t) ∈ (0, 2π) × [0, t′)(t′ < ∞). When
κθ(θ, 0) > 0, w(θ, t) is a decreasing function in the interval [0, t′)(t′ < ∞), for ∀θ ∈ (0, 2π). Let wmin(t) =
inf w(t) : 0 ≤ θ ≤ 2π, suppose there is a λ, where λ < wmin(0) = κθθ(0) ≤ 0, then ∃t , so that wmin(θ, t) = λ,
suppose t0 = inf{t : wmin = λ}, from the continuity of w assures that this minimum λ is achieved for the first time at
(θ0, t0), and at this point

∂w

∂t
≤ 0,

∂2w

∂θ2
≥ 0,

∂w

∂θ
= 0, and w = λ < 0.

From Lemma 1, the boundedness of ∂i
κβκ(κ(u, t)) i = 1, · · · , 4 and the boundedness of curvature κ and κθ, we can

obtain ∂w
∂t ≥ aλ + C4λ + C5λ

2, where C4 = sup(6βκκκκ
2(κθ)

2 + 14βκκκ(κθ)
2 + 2βκ(κθ)

2 + βκκ
2 + 2βκ), C5 =

sup(33βκκκ
2e−at + 2βκκe

−at). Let a ≤ −C4 −C5λ, this contradicts from (15), i.e., for ∀(θ, t) ∈ (0, 2π)× [0, t′)(t′ <
∞), so that wmin(θ, t) ≥ wmin(θ, 0), that is κθθ(θ, t) ≥ κθθmin(θ, 0)e

−µt, then obtain κθθ(θ, t) ≥ κθθmin(θ, 0). Simi-
larly, we can obtain when κθθ(θ, 0) ≥ 0, κθθ(θ, t) ≤ κθθ(θ, 0)e

−at′ , this means that κθθ grows exponentially at most and
remains bounded for a limited time interval.

Lemma 14 Suppose κθ(θ, 0) > 0, when κθθ(θ, 0) > 0, for θ ∈ (0, 2π), κθθ(θ, t) is non-decreasing in interval [0, t′)(t′ <
∞). When κθθ(θ, 0) < 0, κθ(θ, t) is non-increasing in interval [0, t′)(t′ < ∞).
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Proof. Since κθ(θ, 0) > 0, from Theorem 11, κθ(θ, t) > κθ(θ, 0) > 0, for ∀(θ, t) ∈ (0, 2π) × [0, t′)(t′ < ∞). The
counter-evidence method, when κθθ(θ, 0) < 0, for θ ∈ (0, 2π), κθ(θ, t) is an increasing function in the interval [0, t′)(t′ <
∞). That is, there is a b, where b ≥ κθθ(θ, 0), so that there is a certain point t, suppose t2 = inf{t : κθθ(θ, t) = b}, from
the continuity of κθ assures that this minimum δ is achieved for the first time at (θ2, t2), and at this point

∂κθθ

∂t
≥ 0,

∂4κ

∂θ4
≤ 0,

∂3κ

∂θ3
= 0, and κθθ = b < 0.

This contradicts from (14), i.e., for ∀(θ, t) ∈ (0, 2π) × [0, t′)(t′ < ∞), so that κθθ(θ, t) ≤ κθθ(θ, 0). Similarly, when
κθθ(θ, 0) > 0, for ∀(θ, t) ∈ (0, 2π)× [0, t′)(t′ < ∞), so that κθθ(θ, t) ≥ κθθ(θ, 0).

Theorem 15 When κθ(θ, 0) > 0, for ∀(θ, t) ∈ (0, 2π)× [0, t′)(t′ < ∞), when κθ(θ, 0) > 0, κ(θ, t) is a convex function;
when κθ(θ, 0) < 0, κ(θ, t) is a concave function.

Proof: It can be proved by Theorem 11 and Lemma 14 .
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