== ISSN 1749-3889 (print), 1749-3897 (online)
!II ACADEMIC International Journal of Nonlinear Science
AW worid Academic Unlan V0127(2019) N03,pp184-192

Study on Geometric Evolution Properties of Planar Closed Curve Flow
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Abstract: In this paper, we use the governing equations of the curve geometric variables to explore the
geometric evolution characteristics of the plane curve flow, and obtain the description and characterization of
the related geometric quantity properties. The overall evolution law and characteristics of the plane closed
curve flow are obtained by the distance from the outer point of the curve to the curve. The finite result of
the overall evolution velocity of the plane simple closed curve is obtained. By the geometric estimation of
the curvature of the plane closed convex curve, the boundedness of the curvature of the plane simple closed
convex curve, the monotonicity of the curvature velocity in the time interval and the convexity of the curvature
in the time interval are obtained.

Keywords: Plane curve flow; Curvature evolution; Geometric variable; Global evolution; Geometric estima-
tion; Concavity

1 Introduction

Based on the needs of physical phenomena and real-world problems, the curves and surfaces are affected by external forces
to produce the corresponding flow properties, which are getting more and more attention and research. Among them, the
curve shrinkage flow is one of its typical problems. In 1984, when Gage [1] investigated the Plane curve contraction flow

0X
= E(u, )N (k(u,t)), (D

X (u,0) = Xo(u,0),

where « is the Gaussian curvature at the point (u, t) on the curve and N is the corresponding internal normal vector. They
obtained a geodesic equation as follows: When the initial curve is a convex flat simple closed curve, the curve flow (1)
will always remain convex during the evolution and shrink into points in a limited time. In 1986, Gage [2, 3] discussed

the plane preservation area curve flow
oX 2m
— = (k(u,t) — —)N(u,t
o = (k) = TN (u, ), o
X(u7 O) = XO(ua 0)7
where « is the Gaussian curvature at the point (u,t) on the curve and N is the corresponding internal normal vector.
They obtained a geodesic equation as follows: If the initial curve is convex, the curve flow will remain convex during

the evolution until it eventually becomes a circle of radius \/¥ . In 2002, White [4] discussed the average curvature
flow which describes the properties of curvature flow evolution, smoothness, arc length expansion, and collision-free flow
(the two initially disjoint curves must remain disjoint). In 2006, evolution of curves on a surface driven by the geodesic
curvature and external force was studied by Mikula [5], several computational examples of evolution of surface curves
driven by the geodesic curvature and external force on various surfaces are presented in this article. Also discuss a link
between the geodesic flow and the edge detection problem arising from the image segmentation theory. In 2013, a new
area-preserving curvature flow of planar closed-convex curves was studied by Wang et al. [6]

T~ ) = f ) N o),

X(s,0) = Xo(u,0).
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In 2014, Centro—affine curvature flows on centrally symmetric convex curves was discussed by Ivaki and Mohammad. The
author show that, under any p-contracting flow, the evolving curves shrink to a point in finite time and the only homothetic
solutions of the flow are ellipses centered at the origin [7].

For the study of curve flow, similar work such as [8—11]. This paper mainly considers the following simple closed
curve telescopic flow X (s,¢) : S 1 5 R?, where T is the unit tangent vector, IV is the unit internal normal vector, and X
is the plane simple closed curve given by ¢ = 0. Let

0X

1/2
n = [22 + y2]

g(u,t) ==

denote the length along the curve. The arc-length parameter s(u, t) is then defined as

s(u.t) = /0 " glen) de.

Tangent, normal, curvature, angle, arc length, and area are defined by standard methods, i.e.,

p_0X 10X jor|_1jar|
" 9s  gou’ " 8s ou
10T
N=-2 =T
Kk Ou’ (T, ),

denote the total absolute Gaussian curvature,

R(u,t) := /0 ! |k (u, t)| g(u, t) du.

The evolution equation of the metric g, angle 6, arc length L, and area A, curvature s corresponding to the curve flow

(1.3) [3]:
dg

55 = = B, (4)
% = ;[au + akl, ®)
% = — 0% Brdu, (6)
2 [ o )
% - gaf + oK ®

2 Geometric properties of arc length, area, and total absolute Gaussian cur-
vature

From Eqs.(7)-(9), it can be seen that the evolution governing equation of L, A, x does not depend on the component of
X; on the tangent line. In addition, the deformation of the curve flow is constrained by the local geometric properties
of the curve, i.e., 8 should be a function of curvature [3]. Therefore, we consider the case of a(u,t) = 0. Assume that
X; = X(.,t) is a C?-classical solution on some interval [0,¢')(t' < 00), i.e.,

8X
a, — B U,t )
(s(u, )N () o
X(s7 0) = Xo(u7 0).
Suppose £ is a positive smooth function of  for |x| < C and 2 an" ,n=1--- 4 Leta=inf ‘B;((u“b(;)‘, b= sup wl:((;‘bo))‘ .

Obviously a < b; b = in fﬁ:(“ 0) g = fﬁ(&guoo))’ <d
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Lemma 1 0.8, (k(u,t))i=1,---,4is bounded, forV(0,t) € [0,t')(t < 00).

Proof. We have B, (r(u,t)) € C*
constant C' so that |8, (r(u,t))| <
L]

(€2), where Q = {x[|x| < C}. Obviously, € is a bounded closed region. There is a
C. In the same way, the boundedness of 9% 3, (k(u,t)) i = 1,--- , 4 can be obtained.
Lemma 2 Let Ky (0,t) = infr(0,t), 0 < 0 < 2m, then, kmin(0,t) is non-decreasing in interval [0,t")(t' < o0), for
V8 € (0,2m).

Proof. We have,
On _POR,, 05
ot 0k? 00 Ok Otheta?
The counter proof method assumes that r,,;,(6,t) is a increase function in the interval [0,¢')(t’ < oo), for V8 €
(0,27). That is, there is ¢, so that K., (0,t) < Kmin(6,0). So, there is € > 0, so that K,,in(t) = Kmin(0) — €. Let
to = inf{t|kmin(t) = Kmin(0) — €} , by the continuity of x, we can obtain the minimum value at the point (6, to) where
2
% <0, % >0, H(Qo,to) > 0.

This is a contradiction with Eq.(2), then #,, (6, t) is non-decreasing on interval [0,t')(t’ < oco) for V0 € (0,27). m

k2 + Br2. (10)

Theorem 3 [Ifx(0,0) > 0, then x(0,t) > 0, for V(0,t) € (0,27) x [0,¢)(t' < o0).

Proof. From Lemma 2, we have K, (6,t) is non-decreasing in interval [0,¢')(t’ < oo), for V8 € (0,27), then
K(0,t) > Kmin(0,t) > Kmin(6,0) > 0, i.e., If the curve has a convex initial condition, then the curve remains convex
during the evolution process. m

Lemma 4 Assume X (u,t) is the solution of , and interval [0,1")(t' < c0), then,
—2mM < L; < —27wm.

Proof. [ is a positive smooth function of x for |k| < C,som < B(k) < M, then,

27 27 27
—M/ rdu S/ Brdu < —m/ rdu
0 0 0

—2mM < L; < —27m.

That is,

Theorem 5 Assume X (u,t) a family of solutions with a convex initial value curve (10), if B, < ak, then Ly monotonically
decreases in time interval [0,1")(t' < 00).

Proof.

O’L o [
W = 7&/0 ﬂﬂgdu,

21
= —/ (Bekg + Brig + Brge)du
0
L(t) L(t) L(t)
_ / B(Bos + BH2)ris — / B(Bas + B — / B2R2ds
0 0 0
L(t) L(t) L(t)
—  BuBek|F0 & / B.fn. ks + / B2ds — / BB ds
0 0 0
L()
_ BBJE® / B2ds
0

L) L) L)
_ / Bokis B, kids + 2 / B2ds — / B, Br3ds,
0 0 0
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we have 5 > 0, 8,, > 0, then,

82L L(t)
oL / (ButiaB i + 26252)ds
ot 0

Bi. K

L(t)
2 2
= s + 2)ds.
/ Gera T2

From Theorem 3, it can be seen that when the initial curve is a convex curve, the curve will remain convex all the time,
i.e., k > 0. The following applies the counter-evidence method,assume 5, < ax and B Ors i +2 > 0. Bx > C1k is obtained

by solvmg —|—2 > 0, so that 3,;(k(s,0)) > C1k(s,0); so, Cy > b, i.e., when +2 > 0,8, > C1£(Cy > b). This

contradicts 65 § ak. So if B, < ak, then g"s +2 >0, thatis L; monotonously decreases in interval [0, t")(t' < o0),

and the velocity of curve length is decreasing in interval [0,t')(¢' < 00). m
Lemma 6 Assume X (u,t) is the solution of (10), and interval [0,t')(t' < c0), then,
—ML(t) < Ay < —mL(t).

Proof. We have

0A
B /27rﬁgdu
then,
—M/ngdu <A< —m/27rgdu.
0 0
That is,
—ML(t) < Ay < —mL(t).
[

Theorem 7 Assume X (u,t) are a family of solutions with a convex initial value curve (10), if B, < dk. Then A;
monotonically decreases in time interval [0,t')(t' < 00).

2A /L(t) L(t) L(t)
Seom | o ssdss [ g

since 8 > 0, B, > 0, B > 0, then,

Proof.

82A L(t) ) 1 L(t) )
Z < _Z
92 _/0 B kds 2/0 B BKr“ds

_Lt221&8
= [ e - T

Similar to Theorem 5, use the counter-evidence method. If 8 > dk, then A; monotonically decreases in the interval
[0,#)(t" < c0), that is, the rate of change of the area is decreasing in the interval [0,¢')(t' < o0). m

Lemma 8 Assume X (u,t) are a family of solutions with a convex initial value curve (10), then,
R(t) = k(0) = 2.

Proof. For convex curves, we have,

- 27 27
% = g/ kgdu = / (kg + kge)du
0 0

ot ot
L(t) L(t)
- / (Bus + BK)ds — / Brds
0 0
= Bs (2)7T =0.
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So,
R(t) = R(0) = 2.

]
Lemma 9 Assume X (u,t) is the solution of (10), and interval [0,t')(t' < c0), then,

R(t) > R(0).
Proof. Define,

2m
alt) = [ atstust)g(u,

0

where g is the piecewise smooth convex approximation of f(x) = |z| given by

|| if ©>

— 4+ —x if <

SI=3|=

then,
27 2
a(t) = / gu(R)egdu + / g () ged
0 0

L(t) 27 27
/ 4 Bssds + / Qf@ﬂﬁ2du - / Q(K‘)ﬂﬁgdu
0 0 0

L(t) 27
— gu(k)Be [EO - / Qo Bkads — / [9(x) — k()] (Brg)du

2 2
__ / QB (1252 — / l4(k) — Kau(5))(Brg)du.
0 0

Since 3,; > 0, and convexity of ¢ requires g, < 0, we have

q:(t) < —/0 7T[q(fi) — kg (K)](Brg)du.

Note that,
R(t) < 4(1),
so that a bound on § is a bound on k. Moreover, we have that
1
0 if x> -,
0<qla) —aq(®) <4, "
— if < -—.
2n n

Now since S(k)x < M, and [q(x) — 2gx(x)] > 0, then,

/ L) i

Therefore, éq(—(:)) > —%, ie., g (t) > 67% Jo =@ G(0) as n — oo, so that,
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3 Discussion on the increase and decrease of curvature speed

Lemma 10 For V0 € (0,27), there is a constant C, and in the interval [0,1')(t' < oc), kg(6,t) grows exponentially at
most.

Proof.
0%k 0 9 9
a00t ~ ag e + )
= Boagk” + 2Bpgkikg + Por’ + 2Bkkg (11)
= ﬂfcm{(ﬂe)g’iQ + 3/614552’{9509 + /BHHH(HQ)B + ﬂn“2’{900

+ 2B kkgkon + Bk kg + 2Bkko,

let w(f,t) = eMtry(6,t), then

ow 2 2 —2ut —2uty, .3
_— = 2 12 2 12
B (1 + Brk® 4 2BK)w + (Brrnke” ' + 2B, cke” H )w (12)

+ (3Brr’e ™ + 2B, ke M wow + Bk wey,

when kg (6,0) < 0. Suppose w(f,t) is a decreasing function in interval [0,t")(t' < c0), for V0 € (0, 27), let wyin(t) =
inf{w(f,t) : 0 < 6 < 27}. Suppose there is a 7, where < Wyin(0,0) = Kgmin(0,0) < 0, there is a certain point ¢, so
that wyin (t) = 0, assume t* = inf ¢ : wpy;, = 7, then, the continuity of w assures that this minimum 7 is achieved for the
first time at (6*,¢*), and at this point

ow 0w ow
— <0 — >0 — =0 d = 0.
ot = eeE s @ o e wEns
From Lemma 1, the boundedness of 9% 3, (x(u,t)) @ = 1,---,4 and the boundedness of curvature x, we can obtain

%—f > un + Con + C3n3, where Cy = sup(Buk? + 28k), C3 = Sup(Brrnk® + 2Buxk), let p < —Cy — Csn?,
this contradicts from (13), i.e., for V(6,t) € (0,27) x [0,¢')(t' < 00), s0 that Wi, min(d,t) > wmin(6,0), that is
kg(0,1) > Komin(0,0)e™#, then obtain rg(0,t) > Kgmin(0,0). When r¢(0,0) < 0, suppose w(6,t) is a decreasing
function in interval [0,¢')(t' < o0), for V6 € (0, 27), let wyiy (t) = inf{w(f,t) : 0 < § < 27}. Suppose there is a n,
where 1) < Wmin(0,0) = Kgmin(0,0) < 0, there is a certain point ¢, so that Wi, (t) = 1, assume t* = inf ¢ : wyin =7,
then, the continuity of W assures that this minimum 7 is achieved for the first time at (6*, ¢*), and at this point

ow 0w ow
— < — >0 — =0 d =n<0.
ot = 2= g M Wl
From Lemma 1, the boundedness of 9 3, (k(u,t)) i = 1,- - - , 4 and the boundedness of curvature , we can obtain %—7;’ >

un~+Con+Csn?, where Co = sup(B.k2+28k), C3 = sup(Brrnki?+2Bwrk), let p < —Co—C3n?, this contradicts from
(13), i.e., for V(6,t) € (0,2m) x [0,')(t' < 00), s0 that wyin (6, ) > wmin (0, 0), thatis kg (0,t) > Kemin(6,0)e#, then
obtain kg (0,t) > Kgmin(0,0). When k9(6,0) > 0, suppose w(f,t) is a increasing function in interval [0,¢')(¢' < o0),
for VO € (0,27), let winax(t) = sup{w(6,t) : 0 < § < 27}, suppose there is a &, where £ > Wax(0) = £ max(0) > 0,
there is a certain point ¢, so that w max(¢) = &, assume t = inft: Wyax = &, then, the continuity of w assures that this
minimum ¢ is achieved for the first time at (6, ), and at this point

ow 0w ow
— >0, — <0, — =0, d =£>0.
ot~ 6% = 26 andw=¢
From Lemma 1, the boundedness of 9. 3, (k(u,t)) i = 1,- - - , 4 and the boundedness of curvature x, we can obtain %—It” >

un—+ChLE+CLE3, where Ch = sup(Bek? +28k),Ch = sup(Brrxk’ +2Buxk), let p < —Ch— CLE2, this contradicts from
(12), i.e., for V(0,t) € (0,27) x [0,¢)(t' < 00), $0 that Wiax (0, 1) < Wmax(6,0), that is rg(0,t) < Komax(0,0)e .
This means that xy grows exponentially at most and remains bounded for a limited time interval. m

Theorem 11 When k¢(60,0) > 0, for 0 € (0,27), kg (6, t) is non-decreasing in interval [0,t')(t' < 00). When k(6,0) <
0, kg(0,t) is non-increasing in interval [0,t")(t' < o0).
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Proof. The counter-evidence method, when r¢(0,0) < 0, for € (0,27), k¢(6,t) is an increasing function in the
interval [0,t')(¢' < oo). That is, there is a 0, where § > r¢(6,0), so that there is a certain point ¢, assume ¢; = inf{t :
ko(0,t) = ¢}, from the continuity of kg assures that this minimum 9 is achieved for the first time at (61, ¢ ), and at this
point
3 2
%zo, %go, %:0, and kg =06 < 0.

This contradicts from (12), i.e., for V(8,t) € (0,2m) x [0,¢)(¢ < o0), so that kg(6,¢) < kg(0,0). Similarly, when
ke(6,0) > 0, for V(0,t) € (0,2m) x [0,t')(t' < 00), so that kg (0,t) > ke(6,0). m

4 Discussion of curvature and convexity

Lemma 12 For V0 € (0, 27), there is a constant C*, and in the interval [0,t")(t' < o0),
|l€99(6,t)‘Lp(0)2ﬂ.) S 0*7 1 S P < o0.

Proof. We have

a 27 27
g / (Kop)'do = 4/ (k00)> (Book® + Br?)gadd
0 0

27
= —12/ [(K00)* K> Bovo + 2Bporra(rge)” + BOK (Kgo)?
0
+ 2ﬂl€l€9(l€99)2]ﬂ999d9
27
= —12/ [Brennk® (50)> (Koo)*Kooo + 3Burk’ ko (ko) Kooo
0

+ Brk?(Koo)? (Kooo)? + 2Burki(r0)> (Koo ) Koo

+ 2B, kikio (ko) Kooo + Brk*ka(keo)?Koso + 2Bkko(Kon) kaoa)do,

and from ab < ea® + ;-b%, we can obtain

2

27 27
Brernti® (k) (Koo ) Kogadf < C1/ (rag)*dl + 02/ (Koo0)>d0,
0 0 0

2m

27 27
3 Brerk’ko(ko0)* Koge < 63/ (Kgo)*dO + 64/ (K00)? (Kp00)>d0,
0 0 0
27

27 27
Bik? (K09)? (Koge)2dO < Cs/ (rgg)2dO + Cs/ (K00)? (Kooo)db,
0 0 0
2

2 27
2 Brerki(ko)> (Koo)* Kogadt < 67/ (Koo)*dO + Cs/ (Kooo)2d0,
0 0 0

27

27 27
2 Brkiko (ko) Kaga < 69/ (rpg)*dO + C10/ (r00)? (Kg00)d0,
0 0 0

2

27 27
Bk ko(ko0)* Kage < 011/ (rpg)*do + 012/ (r00)? (rp00)>d0),
0 0 0

27 27
Brra(keg)? Koga)dd < 613/ (Kpo)?dO + 614/ (K00)? (Kp00)>d0,
0 0

and from fOQﬂ—(ng)Qde < ¥ 27T(f027r(:‘€99)4d9)%, we choose the right ¢y, ¢a, - - - , ¢14, We can get
B 27 27 27

7/ (ﬁ99)4d9 < 12[6/1/ (ﬁ99)4d9 + Cll/ (H99)2d0]

ot Jo 0 0

27 27
< 0/1'/ (K00)*dO + 0/2/(/ (Koo)' d6)%.
0 0
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By Gronwall Inequality, we can obtain fo%(/igg)‘ldﬁ < ag+cy (f ( OQW

Counter-evidence, for VQ) > 0, 3ty > 0, so that (fo%(/ig@)‘ldﬁ)%dﬁ > (9, and since

2m to 2m .
/ (k0) 0 < ag + ¢ / ( / (r00) d0) d€ < ap + " Q(ts),
0 0 0

this contradicts the arbitrariness of @, so Q' exists, so that |kgg(6,t)] L4(0,27) < Q. Similarly, we can prove that there is
Q' so that |19 (6, )| 20 9, < @' And by Sobolev embedding theorem,

max |kgg|” = |500l|70 < [I500ll72 + l|Ko00]l 72
27 21
:/ (Iigg)zd@—‘r/ (K999)2d9.
0 0

Thus kge is bounded. Further, it is possible to introduce the existence of a constant C*, so that |kgg(0,1)|, r 02m) <
C*\1<P<c. =

Lemma 13 Suppose kg > 0, for V8 € (0,27), kgg grows exponentially at most in the interval [0,t')(t' < o), and
remains bounded for a limited time interval.

Proof.

O3k 0
30761 — %(,BMMQ(K:@):‘ + 3Bunkkokon + Brk’koon + 2Burk(k)?)

= (Brnnnk(K0)* + 6Brrnt’(k0) Koo + 2Brnnki(ko)* + 3Brnk’(ro0)?
+ 4Bk’ Kokogo + 148k (ko) Koo + Brkogook” + 4Bkkokagy

+ 2Binnki(ki0)* + 2Bun (ko) + 2Bk (ko) Koo + 2Brk(Kgo )

+ Brn(k9)2k% + Buriogk® + 48, (ko) 2k + 28(ke)? + 2Bkkag.

13)

Let w(0,t) = e*rgg(0,t), then

0
a—:} =(a+ GBHM/{Q(/—@(;)Z + 145,.{,4,%(/19)2 + 25,4,(/19)2 + BrK? + 2B8k)w

+ (33,3,.“{/43267(” + Qﬂﬁlief‘”)wQ + (46;-@5’12’?9 + 48, Kkkg)we (14)
+ BNKQU}@G + ﬁﬁnnn"f2("€9)4eat + 45&/&&5(“9)46(” + 226&&("@0)46(”

+ 45K(/€9)2/{e“t + 25(&9)26(”.

Since k¢(6,0) > 0, from Theorem 11, rg(60,t) > kg(6,0) > 0, for V(0,t) € (0,2m) x [0,t')(t' < o). When
ko(0,0) > 0, w(f,t) is a decreasing function in the interval [0,¢')(t < o0), for V0 € (0,27). Let wmin(t) =
infw(t) : 0 <6< 2m, suppose there is a A\, where A < wpin(0) = kge(0) < 0, then 3t , so that wpin(6,t) = A,
suppose to = inf{t : wmin = A}, from the continuity of w assures that this minimum ) is achieved for the first time at
(6o, to), and at this point

ow 0w ow

— <0, — >0, — =0, d =A<0.

ot 6% =~ 06 e
From Lemma 1, the boundedness of 93, (k(u,t)) i = 1,--- ,4 and the boundedness of curvature x and kg, we can
obtain % > a\ + Cy)\ + CsA2, where Oy = sup(68,xnk (k)% + 14Bxnki(ko)? + 2Bk (kg)? + ek + 28kK), Cs =

sup(33B.nk?e ™ + 2B,ke" ). Leta < —Cy — Cs A, this contradicts from (15), i.e., for V(0,t) € (0,2m) x [0,¢')(t <
00), 80 that Wiy (0, 1) > wmin (0, 0), that is ree(0,t) > Kegmin(#,0)e ¢, then obtain rgg(0,t) > Kegmin(0,0). Simi-
larly, we can obtain when rgg(0,0) > 0, kgg(0,t) < Kgo(0, O)e_“t,, this means that xgp grows exponentially at most and
remains bounded for a limited time interval. m

Lemma 14 Suppose k¢ (6,0) > 0, when kgg(60,0) > 0, for 6 € (0,27), koo(0,t) is non-decreasing in interval [0,t")(t' <
00). When kgp(6,0) < 0, kg(0,t) is non-increasing in interval [0,t")(t' < o0).
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Proof. Since k(6,0) > 0, from Theorem 11, kg(6,t) > Kg(6,0) > 0, for V(,t) € (0,27) x [0,¢')(¢ < o0). The
counter-evidence method, when xgg (6, 0) < 0, for 6 € (0, 27), ¢(6, t) is an increasing function in the interval [0, ') (¢’ <
00). That is, there is a b, where b > kgg (6, 0), so that there is a certain point ¢, suppose to = inf{¢ : kgg(8,¢) = b}, from
the continuity of kg assures that this minimum § is achieved for the first time at (62, t2), and at this point
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5 =0 51 = 0, 905 0, an Koo <0

This contradicts from (14), i.e., for V(6,t) € (0,27) x [0,#)(t' < 00), so that kpp(6,t) < Kgg(60,0). Similarly, when
koo(0,0) > 0, for ¥(0,t) € (0,2m) x [0,t')(t < 00), so that kgg(0,t) > Kgg(0,0).

Theorem 15 When 14 (60,0) > 0, for ¥(0,t) € (0,2m) x [0,¢')(t' < 00), when rg(0,0) > 0, k(0,t) is a convex function;
when k¢(6,0) <0, k(0,t) is a concave function.

Proof: It can be proved by Theorem 11 and Lemma 14 . m
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