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Abstract: In this paper, we study the synchronization problem between two identical three–dimensional
chaotic finance systems. The impulsive control method is used to control synchronization of the chaotic
finance systems. The sufficient conditions for the synchronization are obtained analytically. Numerical simulations show the effectiveness of the analytical results.
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1

Introduction

In the last few years, econophysics has been raised to an alternative scientific methodology to understand the highly
complex dynamics of real financial and economic systems. Researchers are striving to explain the central features of
economic data: irregular microeconomic fluctuations, erratic macroeconomic fluctuations (business cycles), irregular
growth, structural changes, and overlapping waves of economic development. The economist specifies a model whose
endogenous variables, in the absence of external forces, behave in simple ways (attain stationary equilibria, periodic
cycles, or steady balanced growth). The model is then augmented with exogenous shock variables whose behavior is
assumed to come from forces outside the economic system under consideration but that influence its working. These
shocks are often assumed to be random so that endogenous variables display irregular behavior. Typical external influences
that are treated as random shocks are weather variables, political events, and other human factors. In contrast to the
viewpoint of exogenous shocks mentioned above, chaos supports an endogenous explanation of the complexity observed
in economic series. In recent years, the importance of chaos in economics has tremendously increased: chaos represents
a radical change of perspective on business cycles [1]. Chaos is the inherent randomness in a definite system. The
randomness is caused by system internals, not by external disturbances. The main features of deterministic chaos, such as
the complex patterns of phase portraits and positive Lyapunov exponents, have been found in many economic aggregate
data such as the gross national product [2]. Many continuous chaotic models have been proposed to study complex
economic dynamics in the literature, e.g., the forced van der Pol model [3], the IS-ML model [4], and the model proposed
in various references [5].
Since the idea of synchronizing chaotic systems was introduced by Pecora and Carroll [6] in 1990, chaos synchronization has received increasing attention due to its theoretical challenge and its great potential applications in secure
communication, chemical reaction, and biological systems [7]. Many methods have been developed for synchronizing
of chaos such as, linear feedback controller [8], P ID controller [9], optimal control [10], sliding control [11], adaptive
control [12], active control [13], passivity–based control [14], and anti–phase and complete synchronization [15].
In this paper, we consider a three–dimensional chaotic finance system and we investigate the synchronization of
two identical chaotic finance system. This paper is organized as follows. In Section 2, the synchronization scheme
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is described. In section 3, the dynamical system is introduced. In section 4, impulsive control method is presented.
Numerical simulations are given in section 5. We conclude the paper in section 6.

2

Synchronization of chaotic systems

The drive system and the response system are defined as
ẋ = f (x),
ẏ = f (y) + u,

(1)
(2)

where x = [x1 , · · · , xn ]T , y = [y1 , · · · , yn ]T ∈ Rn are the state vectors of the systems (1) and (2) respectively; f : Rn →
Rn defines a vector field in n-dimensional space and u = [u1 , · · · , un ]T is an n-dimensional control functions which be
designed.
Let e = y − x is the synchronization error vector. The goal is to design an appropriate controller u such that the
trajectory of the response system (2) with initial conditions y0 can approach asymptotically the drive system (1) with
initial conditions x0 , in this sense, that is
lim ∥e∥ = lim ∥y(t, y0 ) − x(t, x0 )∥ = 0,

t→∞

t→∞

where ∥.∥ is the Euclidean norm. At this point, it means that the drive system (1) and the response system (2) are
synchronized under the controller u as time t tends to infinity.

3

System description

Refs. [16–18] have recently reported a dynamic model of finance, composed of three first-order differential equations.
The model describes the time-variation of three state variables: the interest rate, x1 , the investment demand, x2 , and the
price index, x3 . The factors that influence changes in x1 mainly come from two aspects: first, contradictions from the
investment market, i.e., the surplus between investment and savings, and second, the structural adjustment from good
prices. The changing rate of x2 is in proportion to the rate of investment, and in proportion to inversion with the cost
of investment and interest rates. Changes in x3 , on the one hand, are controlled by a contradiction between supply and
demand in commercial markets, and on the other hand, are influenced by inflation rates. By choosing an appropriate
coordinate system and setting appropriate dimensions for every state variable, refs. [16–18] offer the simplified finance
model as
ẋ1 = x3 + (x2 − a)x1 ,
ẋ2 = 1 − bx2 − x21 ,

(3)

ẋ3 = −x1 − cx3 ,
where a is the saving amount, b is the cost per investment, and c is the elasticity of demand for commercial markets. It is
obvious that all three constants, a, b, and c, are nonnegative.
The system has positive Lyapunov exponents over a wide parameter region, which implies that this system is chaotic.
For the parameter vector (a, b, c) = (0.9, 0.3, 1.3), we get the Lyapunov exponents λ1 = 0.0671 > 0, λ2 = −0.0037,
and λ3 = −0.8451. Fig. 1 shows the corresponding chaotic attractor.
Solving the system
x3 + (x2 − a)x1 = 0,
1 − bx2 − x21 = 0,
−x1 − cx3 = 0,
we obtain the system (3) has three equilibrium points
P = (0, 1/b, 0),
√
√
Q± = (± (c − b − abc)/c, (1 + ac)/c, ∓1/c (c − b − abc)/c),
if c − b − abc ≥ 0 and it has the only equilibrium point P = (0, 1/b, 0), if c − b − abc < 0.
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Figure 1: The phase portrait of the system (3) with parameters a = 0.9, b = 0.3, and c = 1.3.

4

Synchronization of two identical chaotic finance systems

In this section, we study the synchronization of two identical three-dimensional chaotic finance systems. We assume that
system (3) is the drive system and the controlled system
ẏ1 = y3 + (y2 − a)y1 + u1 ,
ẏ2 = 1 − by2 − y12 + u2 ,
ẏ3 = −y1 − cy3 + u3

(4)

is the response system, where u1 , u2 , and u3 are control functions. In the following, an effective controller is designed to
achieve the chaos synchronization between these systems. We define the error states as e1 = y1 − x1 , e2 = y2 − x2 , and
e3 = y3 − x3 . Then the error system is given by
ė1 = e3 − x1 x2 + y1 y2 − ae1 + u1 ,
ė2 = −be2 − y12 + x21 + u2 ,
ė3 = −e1 − ce3 + u3 .

(5)

Our goal is to find proper control functions ui , i = 1, 2, 3, such that the response system (4) globally and asymptotically
synchronizes the drive system (3), i.e., limt→∞ ∥e∥ = 0, where e = [e1 , e2 , e3 ]T . For two identical chaotic systems without controllers u1 , u2 , and u3 , the trajectories of the two identical systems will quickly separate and can not synchronize
on the condition that the initial values (x1 (0), x2 (0), x3 (0)) ̸= (y1 (0), y2 (0), y3 (0)). However, with appropriate control
schemes, the two systems synchronize for any initial value.
We take the impulsive control functions as follows:
u1 (t) = x1 (t)x2 (t) − y1 (t)y2 (t) + γ1 (t),
u2 (t) = y12 (t) − x21 (t) + γ2 (t),
u3 (t) = γ3 (t),
where γ1 (t), γ2 (t), and γ3 (t) are control inputs. Here, we select




γ1 (t)
e1 (t)
 γ2 (t)  = M  e2 (t)  ,
γ3 (t)
e3 (t)
while




0 0 −1
M =  0 −1 0  .
1 0
0
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Thus, the error system can be described as



ė1
−a 0
 ė2  =  0 −b
ė3
−1 0

−a 0
=  0 −b
−1 0


e1
f  e2  ,
= M
e3


1
0 
−c

1
0 
−c

 

e1
y1 y2 − x1 x2 + u1
e2  +  −y12 + x21 + u2 
e3
u3



e1
e1
e2  + M  e2 
e3
e3

where


−a
f= 0
M
0


0
0
−b − 1 0  .
0
−c

f are −a, −b − 1, and −c. Therefore, the error system (5) is asymptotically stable and can
Obviously, the eigenvalues of M
converge to the origin asymptotically, i.e., as time tends to infinity, ∥e1 ∥ → 0, ∥e2 ∥ → 0, and ∥e3 ∥ → 0. Thus, the drive
dynamical system (3) and the response system (4) can achieve chaos synchronization.

5

Numerical simulation

In this section, numerical simulations are presented to verify the effectiveness of the proposed method. Forth-order RungKutta method is used to solving the systems with time step size 0.001. The parameters of the chaotic finance system are
selected as a = 0.9, b = 0.3, and c = 1.3, so the system exhibit chaotic behavior. The initial conditions of the drive
and response system are (−4, −1, 2) and (2, 1, −3), respectively. So the initial values of the error system are e1 (t) = 6,
e2 (t) = 2, and e3 (t) = −5. Figs. 2(a)-(c) display state trajectories of the drive system (3) and the response system (4) via
impulsive control. Fig. 2(d) shows the convergence of the synchronization errors.

(a)

(b)

(c)

(d)

Figure 2: The time response of states for drive system (3) and the response system (4) via impulsive control: (a) signals
x1 and y1 ; (b) signals x2 and y2 ; (c) signals x3 and y3 ; (d) the convergence dynamics of the error system (5).

6

Conclusion

In this paper, we investigate a class of synchronization phenomenon in a three-dimensional chaotic finance system. Based
on the impulsive control technology, sufficient conditions to achieve synchronization were obtained theoretically. Finally,
numerical simulations were provided to show the effectiveness of the proposed method.
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