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Abstract: In this note, we construct explicitly the orthonormal wavelets of a homogeneous type space relating to Tricomi operator on R2+ . The proof is elementary and it follows along the line of Daubechies. The
supports of these wavelets are dyadic squares in terms of a quasi-distance. Comparing with classical spaces
Vj , the spaces Vj constructed in this note have a new type “multiscale analysis” of R2+ . The geometry of
these dyadic squares will be useful in calculation as Coifman, Jones and Semmes have done in verifying
Shur’s criterion.
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1

Introduction

Recall the Haar wavelets on the Euclidean space R2 . Let
(
1 0 ≤ x < 1,
φ(x) =
0 otherwise

(1)

be the characteristic function on interval [0, 1) and
Φ̄j;k,l (x, y) = 2−j φ(2−j x − k)φ(2−j y − l),

(j, k, l) ∈ Z3 .

Then the sequence of spaces Vj =Span{Φ̄j;k,l : (k, l) ∈ Z2 }, j ∈ Z constitute a “multiscale analysis” of L2 (R2 ) with
the following properties:
(1) · · · ⊂ V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2 ⊂ · · · ;
\
[
(2)
Vj = {0},
Vj dense in L2 (R2 );
j∈Z

j∈Z

(3) f ∈ Vj ⇐⇒ f (2j ·, 2j ·) ∈ V0 ;
(4) f ∈ V0 =⇒ f (· − k, · − l) ∈ V0 for all (k, l) ∈ Z2 .
The notion “multiscale analysis” is due to Mallat and Meyer [8, 16, 17]. Let Wj be the complement space in Vj−1 of
Vj . It follows that Wj consists three type orthonormal bases, i.e., the Haar wavelets
Ψ̄λj;k,l (x, y) = 2−j Ψλ (2−j x − k, 2−j y − l) : (k, l) ∈ Z2 , λ = h, v, d
with
Ψh (x, y) = φ(x)ψ(y),
Ψv (x, y) = ψ(x)φ(y),
d

Ψ (x, y) = ψ(x)ψ(y)
∗ Corresponding
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(2)
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and


1
ψ(x) = −1


0

0 ≤ x < 21 ,
1
2 ≤ x < 1,
otherwise,

(3)

the Haar function supported on interval [0, 1]. The superscripts h, v, d stands for “horizontal”, “vertical” and “diagonal”
wavelets, see [11]. The supports of these wavelets have the same dyadic length 2j both in the horizontal and vertical
directions.
The above dyadic square is measured by the classical Euclidean distance. A space of homogeneous type (X, ρ, µ) is
a set X together with a quasi-metric ρ and a nonnegative measure µ on X such that 0 < µ(B(x, r)) < ∞ for all x ∈ X
and r > 0, and so that there exists C < ∞ such that for all x ∈ X and r > 0,
µ(B(x, 2r)) ≤ Cµ(B(x, r)).
Here B(x, r) = {y ∈ X : ρ(x, y) < r}. Similar to the case of classical Euclidean spaces, Christ [4] apply the stopping
time arguments to construct a family of open sets of diameter roughly dyadic size for arbitrary homogeneous type space
and prove a variant of the Tb-theorem which is applicable to a question about analytic capacity of subsets of the complex
plane, see also David [11] for another construction. Coifman, Jones and Semmes [5] use a pseudo-orthogonal wavelet
to show the L2 boundedness of Cauchy integrals on Lipschitz curves. Using Carleson’s theorem on Carleson measure,
David [11] give a proof of the Tb-theorem on Rn with b replaced by para-accretive functions. In [5] and [11], the dyadic
intervals and dyadic cubes are measured by the classical Euclidean metric. For study of homogeneous type spaces, see,
for example, [10, 12, 18, 23].
In this note, we construct explicitly the orthonormal wavelets of a homogeneous type space relating to Tricomi operator
on R2+ . Our proof is elementary, it follow along the line of Daubechies [8, 9]. The supports of these wavelets are dyadic
squares in terms of a quasi-distance. We show that spaces supported on these dyadic squares have a new type “multiscale
analysis” of R2+ . The geometry of these dyadic squares will be useful in calculation as Coifman, Jones and Semmes [5]
have done in verifying Shur’s criterion.

2

Wavelets on a homogeneous type space

Consider the Tricomi operator
T = y∂xx + ∂yy

(4)

on the upper plane R2+ = {(x, y) ∈ R2 , y > 0}. The operator degenerates on the line y = 0, is invariant under the
translation of the variable x and has a natural dilation δ(x, y) = (δx, δ 3/2 y) such that T (u(δ(x, y))) = δ 3 (T u)(δ(x, y)).
Tricomi type operator is well studied, such as [1, 13–15, 20–22]. Tricomi operator can be written as the sum of squares
of vector fields, i.e., T = X12 + X22 with X1 = y 1/2 ∂x and X2 = ∂y . Observe that X1 is only Hölder continuous in R2+ .
There is a natural distance associating vector fields, see [19] for smooth vector fields and [13] for Hölder continuous ones.
For our purposes it is useful to introduce the following quasi-distance ρ relating to T
ρ((x, y), (x1 , y1 )) = min{y −1/2 |x − x1 |, |x − x1 |2/3 } + |y − y1 |

(5)

for (x, y), (x1 , y1 ) ∈ R2+ , see [13, 14] for definition and the properties and [15] for Grushin operator of the form y 2 ∂xx +
∂yy . The triple (R2+ , ρ, L) with the quasi-distance ρ and the Lebesgue measure L on R2+ is a homogeneous type space in
the sense of Coifman and Weiss [6, 7].
With the notation of dyadic intervals in classical Euclidean metric
Ij;k = [2j k, 2j (k + 1)),
we define the “dyadic square” corresponding to ρ to be the rectangles
Rj;,k,l = Ij+m;k × Ij;l ,

(k, l) ∈ Z × Z+ ,
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where
m = m(j, l)

(6)

is the integer such that
2j (l + 1) ∈ (22(m−1) , 22m ].
Here Z+ represents the set of nonnegative integers. In the following we usually use m instead of m(j, l) for simplicity of
notation.
As in the classical case we use the tensor product of two one-dimension characteristic function to construct wavelets.
Let φ and ψ be defined in the introduction. Write
Φ(x, y) = φ(x)φ(y),

Ψt (x, y) = 2−1/2 ψ(2−1 x)φ(y).

(7)

The superscript t stands for “transition” wavelets. Write, for (j, k, l) ∈ Z2 × Z+ ,
Φj;k,l = Tj;k,l (Φ),
Ψλj;k,l = Tj;k,l (Ψλ ) for λ = h, v, d,

(8)
Ψtj;k = Tj;k,0 (Ψt ),

(9)

with
Tj;k,l (u(x)v(y)) = 2−(2j+m)/2 u(2−j−m x − k)v(2−j y − l).
Remark 1 Set Vj =Span{Φj;k,l : (k, l) ∈ Z × Z+ }, j ∈ Z. We see that the sequence of spaces constitute a “multiscale
analysis” of L2 (R2+ ) having the following properties:
(1) · · · ⊂ V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2 ⊂ · · · ;
\
[
(2)
Vj = {0},
Vj dense in L2 (R2+ );
j∈Z

j∈Z

(3) f ∈ Vj ⇐⇒ f (2j+m ·, 2j ·) ∈ V0 ;
(4) f ∈ V0 =⇒ f (· − k, ·) ∈ V0 for all k ∈ Z.
Comparing with classical “multiscale analysis” in R2 , one finds that: (i) there is an additional factor m in (3); (ii) the
property (4) here is only translate invariant in the first variable x.
We state some orthonormal and merge properties of these functions.
Lemma 2 (i) The following wavelets are orthonormal,
Ψλj;k,l , Ψtj;k , λ = h, v, d, j, k ∈ Z, l ∈ Z+ .

(10)

(ii) For (j, k, l) ∈ Z2 × Z+ satisfying j = 2j 0 + 1 or l > 0, and cs,t ∈ R, we have
2−1

1
X
s,t=0

cs,t Φj;2k+s,2l+t = cΦj+1;k,l +

X

cλ Ψλj+1;k,l

λ=h,v,d

with
c = (c0,0 + c1,0 + c0,1 + c1,1 )/4,
ch = (−c0,0 − c1,0 + c0,1 + c1,1 )/4,
cv = (−c0,0 + c1,0 − c0,1 + c1,1 )/4,
cd = (c0,0 − c1,0 − c0,1 + c1,1 )/4.
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(iii) For (j, k) ∈ Z2 and cs , cs,1 ∈ R, we have
2−3/2

3
X

cs Φ2j;4k+s,0 + 2−1

s=0

1
X

cs,1 Φ2j;2k+s,1

s=0

= cΦ2j+1;k,0 +

X

cλ Ψλ2j+1;k,0 +

1
X

ds Ψt2j;k+s

(12)

s=0

λ=h,v,d

with
d0 = (c0 − c1 )/2,

d1 = (c2 − c3 )/2

and c, ch , cv , cd as defined in (ii) with
c0,0 = (c0 + c1 )/2,

c1,0 = (c2 + c3 )/2.

Proof. (i). By direct calculation, orthonormality is easy to establish.
(ii). By assumption, we have m(j, 2l) = m(j, 2l + 1) = m0 . For (s, t) = (0, 0), (1, 0), (0, 1), (1, 1), Φj;2k+s,2l+t
support on Ij+m0 ;2k × Ij;2l , Ij+m0 ;2k+1 × Ij;2l , Ij+m0 ;2k × Ij;2l+1 , Ij+m0 ;2k+1 × Ij;2l+1 respectively. See Fig.1. The
union of these four rectangles is Ij+1+m0 ;k × Ij+1;l . Then explicit calculations yield (11).

Fig.1. j = −2, k = 0, 2l = 4 > 0, m = 1.

Fig.2. 2j = −2, k = 0, l = 0, m = −1.

(iii). The definition of Ψt yields
3
X
s=0

cs Φ2j;4k+s,0 =

1
X

cs,0 (Φ2j;4k+2s,0 + Φ2j;4k+2s+1,0 ) +

s=0

1
X

ds Ψt2j;k+s .

(13)

s=0

We have m(2j, 0) = j. For s = 0, 1, Φ2j;4k+2s,0 + Φ2j;4k+2s+1,0 support on (I3j;4k × I2j;0 ) ∪ (I3j;4k+1 × I2j;0 ) =
I3j+1;2k × I2j;0 = R1 and (I3j;4k+2 × I2j;0 ) ∪ (I3j;4k+3 × I2j;0 ) = I3j+1;2k+1 × I2j;0 = R2 respectively. Since
m(2j, 1) = j + 1, for s = 0, 1, Φ2j;2k+s,1 support on I3j+1;2k × I2j;1 = R3 , I3j+1;2k+1 × I2j;1 = R4 respectively. The
union of Ri , i = 1, 2, 3, 4 is I3j+2;k × I2j+1;0 . See Fig. 2. Then explicit calculations yield (12).
Let J1 be a positive integer sufficiently large. Define the classical dyadic squares
Q−J1 ;k,l = I−J1 ;k × I−J1 ;l ,

(k, l) ∈ Z × Z+

in Euclidean distance of R2+ . Here I−J1 ;k = [2−J1 k, 2−J1 (k + 1)) are dyadic intervals of length 2−J1 . Let χ−J1 ;k,l ,
(k, l) ∈ Z × Z+ be characteristic functions on squares Q−J1 ;k,l .
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Lemma 3 Let J2 ≥ 4J1 be a positive integer and
X

g=

g−J1 ;k,l χ−J1 ;k,l

(14)

|k|,l<2J2 ,l≥0

with g−J1 ;k,l ∈ R. Then we have
g=

b
23n/2

ΦJ2 +2n;0,0 + Ψ0J2 +2n + ΨtJ2 +2n

(15)

for all n ∈ Z+ , where b is a real number and Ψ0J2 +2n and ΨtJ2 +2n are linear combination of wavelets to be determined
later.
Proof. (1). We decompose each dyadic square Q−J1 ;k,l in Euclidean space into dyadic squares of the form Rj;k,l in
homogeneous type space R2+ .
Case 1: m = m(−J1 , l) ≥ 0, that is, 2−J1 (l + 1) > 1/4. In this time, subdivide dyadically each square Q−J1 ;k,l m
times in the horizontal direction such that each rectangle is of scale 2−J1 −m in terms of the para-distance ρ,
Q−J1 ;k,l =

2m
−1
[

R−J1 −m;k,2m l+n .

n=0

See Fig. 3. So
χ−J1 ;k,l =

m
2X
−1

2J1 +m/2 Φ−J1 −m;k,2m l+n .

(16)

n=0

Case 2: m = m(−J1 , l) ≤ −1, that is, 2−J1 (l + 1) ≤ 14 . Subdivide dyadically each square Q−J1 ;k,l m times in the
vertical direction such that each rectangle is of scale 2−J1 in terms of the para-distance ρ. So
Q−J1 ;k,l =

2−m
[−1

R−J1 ;2−m k+s,l .

s=0

For example, 3/64 → 4/64 in y direction, see Fig. 4. So
χ−J1 ;k,l =

2−m
X−1

2J1 −m/2 Φ−J1 ;2−m k+s,l .

s=0

Fig.3. J1 = 0, k = 0, l = 4, m = 2.

Fig.4. J1 = 6, k = 0, l = 3, m = −2.
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(2). For l ∈ Z+ such that m = m(−J1 , l) ≥ 1, (16) implies
X

g−J1 ;k,l χ−J1 ;k,l

X

m
2X
−1

|k|<2J2

n=0

=

|k|<2J2

0
g−J
Φ−J1 −m;k,2m l+n
1 ;k,l

X

2m−1
X−1

1
X

|k|<2J2 −1

n=0

s,t=0

=

0
g−J
Φ−J1 −m;2k+s,2(2m−1 l+n)+t
1 ;k,l

0
for real numbers gk,l
. Applying the results of the case (ii) of Lemma 2, the right hand side of the last equation becomes

X

2m−1
X−1

|k|<2J2 −1

n=0





n
g−J
Φ−J1 −m+1;k,2m−1 l+n +
1 ;k,l

X

n,λ,1
g−J
Ψλ−J1 −m+1;k,2m−1 l+n 
1 ;k,l

λ=h,v,d

Repeating such process, it follows that
X
g−J1 ;k,l χ−J1 ;k,l =

X

0
g−J
Φ−J1 ;k,l + Ψ0−J1 ;l
1 ;k,l

(18)

n,λ,i
g−J
Ψλ−J1 −m+i;k,2m−i l+n .
1 ;k,l

(19)

|k|<2J2 −m

|k|<2J2

with
Ψ0−J1 ;l =

m
X

X

i=1 |k|<2J2 −i

2m−i
X−1

X

n=0

λ=h,v,d

Note that J2 ≥ m = m(−J1 , l) for l ≤ 2J2 by the assumption J2 ≥ 4J1 and J1 is sufficiently large.
Combining (17) and (18) together, one finds
X
X
X
g=
a−J1 ;k,l Φ−J1 ;k,l +
Ψ0−J1 ;l .
0≤l<2J2 |k|<2J2 −m

Using the method to get (18), one gets, for −J1 ≤ p ≤ J2 − J1 , p ∈ Z,
X
X
X
a−J1 ;k,l Φ−J1 ;k,l =
2J1 +p ≤l<2J1 +p+1

(20)

0≤l<2J2

|k|<2J2 −m

bp;k Φp;k,1 + Ψ0p

|k|<2J2 −m−p−J1

with Ψ0p is a linear combination of wavelets of the form (19). By (20)
g=

X

a−J1 ;k,0 Φ−J1 ;k,0 +

X

X

bp;k Φp;k,1 + Ψ0

(21)

−J1 ≤p≤J2 −J1 |k|<2J2 −m−p−J1

|k|<2J2 −m

with Ψ0 in the form (19).
(3). Without loss of generality, we assume J1 is an odd integer, then m(−J1 , 0) = m(−J1 , 1) = m. Applying the
results of the case (ii) of Lemma 2, we have
X
X
(a−J1 ;k,0 Φ−J1 ;k,0 + b−J1 ;k Φ−J1 ;k,1 ) =
b−J1 +1;k,0 Φ−J1 +1;k,0 + Ψ−J1 +1
|k|<2J2 −m

|k|<2J2 −m−1

with Ψ−J1 +1 in the form (19). Now −J1 + 1 is an even integer. Let m = m(−J1 , 0), then m(−J1 , 0) = m + 1. Using
the results of the case (iii) of Lemma 2, we get
X
(b−J1 +1;k,0 Φ−J1 +1;k,0 + b−J1 +1;k Φ−J1 +1;k,1 )
|k|<2J2 −m−1

= Ψ−J1 +2 +

X
|k|<2J2 −m−2

b−J1 +2;k,0 Φ−J1 +2;k,0 +

X

1
X

|k|<2J2 −m−2

s=0
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Repeating such process, (21) implies, for −J1 ≤ 2q ≤ J2 − J1 ,
X
X
g = b2q;k,0 Φ2q;k,0 +
bp;k Φp;k,1 + Ψ02q+1 + Ψt0
2q+1
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(22)

2q≤p≤J2 −J1 |k|<2J2 −m−2q−J1
λ
t
with Ψ02q+1 in the form (19) and Ψt0
2q+1 in the same form but with Ψ replaced by Ψ . We see that m(2q, 0) = q and
m(2q, 1) = q + 1. Then for all q sufficiently large, the sum for k in (22) has only one term with k = 0. Taking q = J1 ,
the assumption J2 ≥ 4J1 yields
X
g = b2J1 ;k,0 Φ2J1 ;k,0 +
bp;k Φp;k,1 + Ψ02J1 +1 + Ψt0
2J1 +1 .
2J1 ≤p≤J2 −J1

Without loss of generality, we assume J2 is an odd integer. Arguing in the same way, we have
g = bΦJ2 ;0,0 + Ψ0J2 + Ψt0
J2 .
Here b = bJ2 ;0,0 .
In the following calculation, we take bp;1 = bp+1;0 = bp+1;1 = 0 for p > J2 . Repeating such process, we have
g=

b
ΦJ +2;0,0 + Ψ0J2 +2 + Ψt0
J2 +2
23/2 2

with the help (11) and (12). By induction
b
ΦJ +2n;0,0 + Ψ0J2 +2n + Ψt0
J2 +2n
23n/2 2

g=

for all n ∈ Z+ . Thus we get the desired results.

3

Main theorem

We come to the main results of this note.
Theorem 4 The following functions
Ψλj;k,l : (j, k, l) ∈ Z2 × Z+ , λ = h, v, d,

Ψt2j;k : (j, k) ∈ Z2

(23)

are orthonormal basis for L2 (R2+ ). More precisely, for any f ∈ L2 (R2+ ), we have
X

f=

X

hf, Ψλj;k,l iΨλj;k,l +

(j,k,l)∈Z2 ×Z+

hf, Ψt2j;k iΨt2j;k

(24)

(j,k)∈Z2

and
X

kf k2L2 =

|hf, Ψλj;k,l i|2 +

(j,k,l)∈Z2 ×Z+

X

|hf, Ψt2j;k i|2 .

(25)

(j,k)∈Z2

Here h·, ·i is the inner product of L2 (R2+ ).
Proof. Clearly functions in (23) are orthonormal. To prove (24) and (25), we need only to prove that any functions in
L2 (R2+ ) can be approximated, up to any arbitrarily small precision, by a finite linear combination of functions in the form
(23). That is, given any f ∈ L2 (R2+ ), for any ε > 0, there exists
h=

X

X

−J≤j≤J

|k|,l≤2J , l≥0

cλj,k,l Ψλj;k,l +

X

X

−J≤j≤J

|k|≤2J

ctj,k Ψtj;k
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for some sufficiently large positive integer J, depending on ε, such that
kf − hkL2 < ε.

(26)

By the fact that characteristic functions on Euclidean squares Qj;k,l are dense in L2 (R2+ ), there are, for any ε > 0,
sufficient large positive integers J1 and J2 such that
kf − gkL2 <

ε
2

with g in the form (14). By Lemma 3,
kg − Ψ0J2 +2n − Ψt0
J2 +2n kL2 =

b
23n/2

kΦJ2 +2n;0,0 kL2 <

ε
2

if we choose n sufficiently large. The last two inequalities yield (26).
Remark 5 Let Wj be the complement space in Vj−1 of Vj . It follows that W2j+1 consists three type of wavelets
Ψλ2j+1;k,l , (j, k, l) ∈ Z2 × Z+ , λ = h, v, d,
while W2j consists four type of wavelets
Ψλ2j;k,l , (j, k, l) ∈ Z2 × Z+ , λ = h, v, d,

and Ψt2j;k , (j, k) ∈ Z2 .

Comparing with classical wavelets in the plane, there are additional wavelets Ψt2j;k , (j, k) ∈ Z2 .

4

Conclusions

In conclusion, we construct explicitly the orthonormal wavelets of a homogeneous type space relating to Tricomi operator
on R2+ . Our proof is elementary. The supports of these wavelets are dyadic squares in terms of a quasi-distance. These
dyadic squares have a new type “multiscale analysis” on R2+ . The geometry of these dyadic squares will be useful in later
calculation.

References
[1] J. Barros-Neto and F. Cardoso. Hypergeometric functions and the Tricomi operator: pole in the elliptic region. Adv.
Differential Equations, 10(2005):445–461.
[2] G. Beylkin, R. Coifman and V. Rokhlin. Fast wavelet transforms and numerical algorithms I. Comm. Pure Appl.
Math., 44(1991):141-183.
[3] M. Christ. Lectures on singular integral operators.CBMS Regional Conference Series in mathematics, Number 77.
Published for the Conference Board of the Mathematical Sciences,Washington, D. C; by the American Mathematical
Society, Providence, RI, (1990). x+132 pp.
[4] M. Christ. A T (b) theorem with remarks on analytic capacity and the Cauchy integral. Colloq. Math., 60/61(1990):
601-628.
[5] R. R. Coifman, P. Jones and S. Semmes. Two elementary proofs of the L2 boundedness of Cauchy integrals on
Lipschitz curves. JAMS., 2(1989):553-564.
[6] R. Coifman and G. Weiss. Analyse harmornique non-commutative sur certains espaces homogenes. Lecture Notes
in Math. Vol.242. Springer-Verlag, Berlin-New York. 1971.
[7] R. Coifman and G. Weiss. Extensions of Hardy spaces and their use in analysis. Bull. Amer. Math. Soc., 83(1977):
569-645.
[8] I. Daubechies. Ten Lectures on Wavelets. Society for Industrial and Applied Mathematics, Philadelphia, Pennsylvania. 1992.
[9] I. Daubechies. The wavelet transform, time-frequency localization and signal analysis. IEEE Trans. Inf. Th.,
36(1990):961-1105.

IJNS email for contribution: editor@nonlinearscience.org.uk

P. Zhang and J. Yue: A Note on Orthonormal Wavelet Bases Adjusting to a Quasi-Distance

159

[10] D. Deng and Y. Han. Harmonic Analysis on Spaces of Homogeneous Type. Springer-Verlag Berlin Heidelberg.
2009.
[11] M. Ablowitz and P. Clarkson. Wavelets and Singular Integrals on Curves and Surfaces. Springer-Verlag Berlin
Heidelberg. 1991.
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